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ABSTRACT
Traffic management for large-scale urban road networks remains a challenging problem. Aggregated dynamical models of city-scale traffic, based on the macroscopic fundamental diagram
(MFD), enable development of model-based control schemes for use with the perimeter control
method involving actuation over macroscopic traffic flows, specifying an efficient and practicable
congestion control solution. In this paper we propose a nonlinear model predictive control scheme
with guaranteed closed-loop stability for a two-region MFDs system. Extensive macroscopic simulations demonstrate the performance and region of attraction properties of the proposed method.
INTRODUCTION
Management of large-scale urban road traffic presents substantial challenges in development of
modeling and control techniques. Inadequate infrastructure, lack of coordination of different parts,
spatiotemporal congestion propagation, the sheer size of the urban network, and the interactions
of drivers with the traffic management system, among others, constitute the complications which
arise when developing urban road network models and control schemes. Although development
of real-time traffic control methods received significant attention in the literature especially in the
last decades (see Papageorgiou et al. (2003) for a review), city level traffic modeling and control
design for heterogeneously congested networks remains a challenging problem.
Many works in the literature focused on modeling and control of urban traffic, which usually considered link-level traffic flows via mesoscopic models and local control strategies (see
Aboudolas et al. (2010); Diakaki et al. (2002); Kouvelas et al. (2014); Wongpiromsarn et al.
(2012)). Mesoscopic traffic models facilitate accurate simulations with high level of detail, however they might complicate control design for large scale networks due to high model complexity.
Furthermore, heavily congested conditions might create problems for local control strategies as
congested regions upstream are not protected. Highly detailed traffic information, which is difficult to measure or estimate, might be needed for local controllers, further complicating their use.
Perimeter control approach for large-scale networks appeared as a practicable and possibly complementary option to local traffic signal control methods. In perimeter control, the idea is
to manipulate macroscopic traffic flows exchanged between neighborhood-sized sections (i.e., regions) of the urban network by changing the green times of the traffic lights on the boundaries (i.e.,
perimeters) between the regions. Feedback control systems, using the perimeter flow manipulation
as actuator, can then be constructed by instrumenting the road network with traffic sensors.
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Model-based control design for perimeter controlled urban networks is possible using the
macroscopic fundamental diagram (MFD) of urban traffic. First proposed by Godfrey (1969) and,
for large-scale urban networks, experimentally proven to exist by Geroliminis and Daganzo (2008),
the MFD enables modeling of an urban region with homogeneously distributed congestion by
providing a unimodal, low-scatter, and demand-insensitive relationship between accumulation and
trip completion flow Geroliminis and Daganzo (2008).
The MFD, despite being a powerful tool for building aggregated models, might also face
difficulties that can hamper its performance in traffic modeling accuracy. Heterogeneously distributed congestion, for example, can lead to high scatter in the MFD (see Geroliminis and Sun
(2011); Knoop et al. (2012); Mazloumian et al. (2010)). Although it can have its challenges, it is
possible to considerably reduce traffic model complexity by using the MFD, thus enabling modelbased network-level control design with aggregated, low-dimensional dynamical models. Analysis, modeling, and control with MFD thus attracted increasing interest in the traffic management
literature. Many researchers proposed MFD-based control strategies for single-region (Daganzo,
2007; Haddad and Shraiber, 2014; Keyvan-Ekbatani et al., 2012) and multi-region (Aboudolas and
Geroliminis, 2013; Haddad and Geroliminis, 2012) urban networks.
Enabled via MFD-based modeling approaches, model-based control design methods also
received increasing interest: Nonlinear model predictive control (MPC) for a two-region network
actuated with perimeter control (Geroliminis et al., 2013), hybrid MPC with perimeter control
and switching signal timing plans (Hajiahmadi et al., 2015), dynamical modeling of heterogeneity
and hierarchical control with MPC on the upper level (Ramezani et al., 2015), MPC with MFDbased travel time and delays as performance measures (Csikós et al., 2017), two-level hierarchical MPC with MFD-based and link-level models (Zhou et al., 2017), multimodal MFDs network
model-based MPC of city-scale ride-sourcing systems (Ramezani and Nourinejad, 2018), MPC
with perimeter control and regional route guidance (Sirmatel and Geroliminis, 2018) and extensions with a path assignment mechanism (Yildirimoglu et al., 2018), combined operation of state
estimation and MPC (Sirmatel and Geroliminis, 2019), Detailed literature reviews of MFD-based
modeling and control can be found in Ramezani et al. (2015) and Yildirimoglu et al. (2015).
The problem of stabilization for MFD-based feedback perimeter control schemes received
relatively low interest in the literature. Although there are some works examining stability of
MFDs systems (see Haddad and Geroliminis (2012) and Zhong et al. (2018)), closed-loop stability
under nonlinear MPC remains unexplored. In this paper we aim to examine stability properties
of MFD-based nonlinear MPC for perimeter control, and propose application of a nonlinear MPC
scheme with guaranteed closed-loop stability for a two-region MFDs system.
MODELING
We consider an urban road traffic network, with heterogeneous distribution of congestion, which
can be partitioned into 2 homogeneously congested regions. Each region i, i ∈ {1, 2}, has a
well-defined outflow MFD, which provides a static nonlinear relationship between accumulation
ni (t) and outflow (i.e., trip completion flow) Gi (ni (t)) (veh/s). The inflow demand qij (t) (veh/s)
represents flow of vehicles entering the network from region i destined to region j (i.e., origindestination (OD) demand), whereas the accumulation nij (t) (veh) specifies the number of vehicles inPregion i with destination j, while ni (t) (veh) is the regional accumulation at time t;
ni (t) = 2j=1 nij (t). Perimeter control actuators, modeled via the control inputs v12 (t) and v21 (t)
∈ [vmin , vmax ] (with 0 ≤ vmin < vmax ≤ 1), can manipulate the flows transferring between the re2

gions. We can then write the dynamics of a 2-region MFDs network as (Geroliminis et al., 2013):
ṅ11 (t) = q11 (t) + M21 (t) − M11 (t)
ṅ12 (t) = q12 (t) − M12 (t)
ṅ21 (t) = q21 (t) − M21 (t)
ṅ22 (t) = q22 (t) + M12 (t) − M22 (t),

(1a)
(1b)
(1c)
(1d)

where Mii (t) and Mij (t) (veh/s) represent the exit flows (i.e., vehicles disappearing from the network) and transfer flows (i.e., vehicles transferring between regions), respectively:
nii (t)
Gi (ni (t)) ∀i ∈ {1, 2}
ni (t)
nij (t)
Mij (t) = vij (t)
Gi (ni (t)) ∀i ∈ {1, 2}, j 6= i.
ni (t)
Mii (t) =

(2a)
(2b)

It is assumed that trip lengths inside a region are similar (i.e., the distance traveled by a vehicle is
not affected its origin and destination).
The MFD can be approximated by an asymmetric unimodal curve skewed to the right (i.e.,
the critical accumulation ncr
i , for which Gi (ni (t)) is at maximum, is less than half of the jam
jam
accumulation ni ), as suggested by simulation and empirical results (Geroliminis and Daganzo,
2008). Thus, a third degree polynomial in ni (t) can be used to express the outflow MFD Gi (ni (t)):
Gi (ni (t)) = ai n3i (t) + bi n2i (t) + ci ni (t),

(3)

where ai , bi , and ci are model parameters (which are to be estimated from historical data).
CONTROL
Nonlinear Model Predictive Control
Defining vectors of accumulations, inflow demands, and control inputs as follows
n(t) = [n11 (t) n12 (t) n21 (t) n22 (t)]T

(4)

q(t) = [q11 (t) q12 (t) q21 (t) q22 (t)]T

(5)

T

v(t) = [v12 (t) v21 (t)] ,

(6)

it is possible to write the dynamics in equation (1) in compact form:
ṅ(t) = fn (n(t), q(t), v(t)).

(7)

Assuming a constant inflow demand q(t) = q̄ that is feasible (see Zhong et al. (2018)),
and the corresponding accumulation state and perimeter control input equilibrium points n̄ and v̄
(with fn (n̄, q̄, v̄) = 0), the origin of the system fn can be shifted to (n̄, v̄) by defining the state
x(t) ∈ Rn (with x(t) , n(t) − n̄) and control input u(t) ∈ Rm (with u(t) , v(t) − v̄), leading to
the dynamics:
ẋ(t) = f (x(t), u(t)).
(8)
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We consider here the regulation problem, which involves steering the system state to the
origin. From the traffic engineering point of view, this corresponds to steering the accumulation
of the urban network from an arbitrary initial (possibly highly congested) state to the equilibrium.
The regulation problem can be formulated as a nonlinear MPC problem as follows:
minimize
uk

N
c −1
X

kxk k2Q + kuk k2R

k=0

subject to x0 = x(t)
for k = 0, . . . , Nc − 1 :
xk+1 = F (xk , uk )
umin ≤ uk ≤ umax ,

(9)

where xk and uk are the state and control input vectors internal to the MPC, respectively, for time
interval k, Nc is the prediction horizon, Q and R are positive definite, symmetric weighting matrices, x(t) is the information on the actual system state at time step t, F (·) is the time-discretized
version of the dynamics f (·) in equation (8).
Stabilizing Nonlinear Model Predictive Control
As is well-known in the literature (see Bitmead et al. (1990)), the MPC problem in equation (9)
does not guarantee closed-loop stability. One of the standard approaches for establishing stability
of the closed-loop under nonlinear MPC is the quasi-infinite horizon nonlinear MPC (QIH-NMPC)
method proposed in Chen and Allgöwer (1998). This method involves adding suitable terminal cost
and a terminal state constraint to the standard nonlinear MPC formulation (9) as follows:
minimize
uk

N
c −1
X


kxk k2Q + kuk k2R + kxNc k2P

k=0

subject to x0 = x(t)
for k = 0, . . . , Nc − 1 :
xk+1 = F (xk , uk )
umin ≤ uk ≤ umax
xNc ∈ Ω,

(10)

where the positive definite and symmetric matrix P is for specifying the cost on the terminal state,
while Ω specifies the terminal state constraint (i.e., terminal region). Provided that P and Ω are
chosen in such a way that Ω has an invariance property, the closed-loop system is guaranteed to
have asymptotic stability if there is a feasible solution to the problem (10) at time step t = 0 (see
Chen and Allgöwer (1998) for details).
RESULTS
Simulation Setup
We consider a two-region MFDs network, with the peripheral region (region 1) having jam accumulation of njam
= 26800 veh, a critical accumulation of ncr
1
1 = 8933 veh, and a capacity flow of
cr
G1 (n1 ) = 20.15 veh/s, while the central region (region 2) has a jam accumulation of njam
2 = 22000
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FIGURE 1: Terminal region for the two-region MFDs system.
cr
veh, a critical accumulation of ncr
2 = 7333 veh, and a capacity flow of G2 (n2 ) = 14.4 veh/s. The
perimeter control input constraints are vmin = 0.1 and vmax = 0.9. These values correspond to
data extracted from microscopic simulation based studies on a two-region partitioning of a part
of the urban road network of the city of Barcelona in Spain (see Kouvelas et al. (2017) for details on this network with four-region partitioning). Assuming a constant inflow demand vector
as follows q̄ = [6 5 4 2]T (veh/s), and equilibrium regional accumulations n̄1 = 6000 veh and
n̄2 = 5000 veh, the equilibrium accumulation state and perimeter control input can be obtained
as n̄ = [3269 2731 2348 2652]T (veh) and v̄ = [0.6 0.65]T . Note that these values are chosen
arbitrarily to obtain a scenario with an equilibrium state satisfying the fn (n̄, q̄, v̄) = 0 condition.

Numerical Computation of Terminal Cost and Constraint
We can consider the terminal region Ω to be in the form of an ellipsoid (see Chen and Allgöwer
(1998) or Chen et al. (2003)):
Ω = {x ∈ Rn |xT P x ≤ α},
(11)
which means that for the QIH-NMPC method we need to compute offline the matrix P and the
positive scalar α based on the problem data (i.e., dynamics f (·), weighting matrices Q and R,
input constraints umin and umax ). This can be done, for example, by solving convex optimization
problems as suggested by Chen et al. (2003). Considering the numerical values of the problem
data given in the previous section, together with the weighting matrices Q = In and R = 0.01 · Im
(with n = 4 the state and m = 2 the input dimension, respectively), and a fixed value of α = 1000
(to ensure that the terminal cost is not too large relative to the stage cost), the convex optimization
version of the problem in equation (26) of Chen et al. (2003) can be solved for a series of state
bounds to maximize the volume of the resulting ellipsoid representing the terminal region. The
resulting ellipsoid (projected onto regional accumulations n1 -n2 space) is depicted in figure 1.
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FIGURE 2: Accumulation state and perimeter control input trajectories for a congested scenario
using QIH-NMPC with Nc = 40.
Congested Scenario
Here we examine a single simulation scenario, where the network is congested initially, having
an initial state of n(0) = [5000 5000 5500 5500]T (veh) (with both initial regional accumulation
higher than the critical accumulations, i.e., n1 (0) = 10000 veh and n2 (0) = 11000 veh). The accumulation state nij and perimeter control input vij trajectories of a closed-loop system simulated
with a QIH-NMPC having a prediction horizon of Nc = 40 is given in figure 2, for a time period
corresponding to 100 minutes of real time.
From the figure it can be seen that the QIH-NMPC is successful in steering the system
state to the equilibrium. However, for dynamical systems subject to control input constraints, it is
impossible to guarantee stability for all possible initial states. In the next section we examine, via
simulations, the region of attraction for the closed-loop system under QIH-NMPC.
Simulation-based Construction of the Region of Attraction
To investigate the region of attraction properties of the QIH-NMPC for the two-region MFDs
system, we conducted a series of simulation experiments on a grid of initial accumulation state
values n(0). The region of attraction of a control system is the set of initial states for which the
closed-loop system trajectories eventually reach the equilibrium state. The set of initial states that
are important for the traffic point of view for the two-region MFDs system is those that have a
regional accumulation between 0 and jam accumulation, which correspond to 0 ≤ n1 (0) ≤ 26800
and 0 ≤ n2 (0) ≤ 22000 for the considered problem data. To be able to consider a two-dimensional
region of attraction for visualization purposes, the initial states of each simulation experiment
is chosen to be extracted as half of the initial regional accumulation (e.g., for a scenario with
n1 (0) = 8000 veh and n2 (0) = 12000, the initial state is n(0) = [4000 4000 6000 6000]T (veh)).
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FIGURE 3: Region of attraction boundaries of QIH-NMPC with various Nc values and four
simulation trajectories with Nc = 40 (blue), shown with the terminal region (black).
Each grid point on the n1 -n2 space of initial states, with increments of 500 veh, up to the jam
accumulation for each region, is simulated with QIH-NMPC for various prediction horizon values.
The results are shown in figure 3, depicting boundaries of the region of attraction for various values
of prediction horizon (with all initial states and state trajectories projected from the 4D n-space
onto 2D n1 -n2 space for visualization purposes).
These results show that it is possible to stabilize a substantial section of the n1 -n2 space of
initial states using the QIH-NMPC approach, and that the region of attraction can be enlarged by
increasing the prediction horizon, as expected.
CONCLUSION
In this paper we proposed application of the quasi-infinite horizon nonlinear MPC method that can
guarantee closed-loop stability to the problem of regulation of a two-region MFDs system to an
equilibrium state. Performance and region of attraction properties of the scheme is analyzed via
macroscopic simulation experiments. Future research could include tests with microscopic simulations, comparisons with other feedback perimeter control methods, and considering measurement
and modeling uncertainty in the evaluations.
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