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Logit

Assumptions
@ Random utility:
Uin = Vin + €in
@ gjpis i.i.d. EV (Extreme Value) distributed

@ ¢j, is the maximum of many r.v. capturing unobservable attributes,
measurement and specification errors.

@ independent and
@ identically
@ distributed.
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Introduction

Relax the independence assumption

Multivariate distribution

Uin Vin €1n
= : + :
Un Vin En
that is
U,=V,+en

and €, is a vector of random variables.
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Multivariate Extreme Value distribution
Outline

© Multivariate Extreme Value distribution
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Multivariate Extreme Value distribution

Multivariate Extreme Value distribution
Definition

Epn = (51na cee aan)
follows a multivariate extreme value distribution if it has the CDF

—G(e C1n,...,e U
Fan(aln,...,aj,,):e (e7in,.e n),

where G : ]Ri” — R, is a positive function with positive arguments.

Valid CDF must verify three properties
0an(gln,...,_oo,...7€_lnn):0'
o Fa,,(‘i‘oo,...,—i-oo):l_

@ For any set of jn < J, distinct indices iy, ..., H,

Jn
0F.,
88,‘1,, cee 36,’j n
n
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Multivariate Extreme Value distribution

The limit property

Valid CDF
Fe,(e1ny--+,—00,...,€5,n) = 0. )
MEV
Fer(E1m, - - Egpn) = € CLETTImmme ™) J
Valid G function
G(Yiny .-+, +00, ..., ¥yn) = +00. )
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Multivariate Extreme Value distribution

The zero property

Valid CDF
Fan(+oo,.,,7+oo):1. |
MEV
an(elfh . e ’ann) — e—G(e_Eln’.“,e*S_]",,)‘ |
Valid G function
G(0,...,0)=0
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Multivariate Extreme Value distribution

The strong alternating sign property

Valid CDF
dnF.
3 ) ) >0
8611n"‘88,',j n(‘sln EJnn) =
MEV
FEn(Slm . ”SJnn) = e_G(e_Eln,...,efaJnn).

Valid G function (notation: G; = 0G/dy;)
@ The right-hand side changes sign each time it is differentiated.

@ To obtain > 0, G must also change sign each time it is differentiated.

@ For any set of J, distinct indices i, ..., ,

(—1)J"_1 Gil""’ijn > 0.
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Multivariate Extreme Value distribution

Homogeneity

We need another property: homogeneity

A function G is homogeneous of degree u, or u-homogeneous, if

Jn
G(ay) =a"G(y), Vo> 0and y € R

It will imply two results

@ the marginals are univariate extreme value distributions,
@ the choice model has a closed form.
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Multivariate Extreme Value distribution

Marginal distribution

ith marginal distribution

— —¢€in
F.,(+00,...,400,&jp,+00,...,+0) =€ G(0,:+1,0,e7%n,0,....0)

If G is y-homogeneous, we have
G(0,...,0,e,0,...,0) = e *nG(0,...,0,1,0,...,0),
or equivalently,
G(0,...,0,e7",0,...,0) = e Hen+108 6(0:-010,..0)
Define log G(0,...,0,1,0,...,0) = un, so that
Fe, (400, ..., +00,€jn, +00,...,+00) = exp (—e_“(a""_")> )
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Multivariate Extreme Value distribution

CDF

—G(e c1n,....e” Sdnn
Fe,(1ny---,€4n) = € (e7¢tn,....e™ ),

ith marginal: univariate extreme value distribution

Fen(+OO, .oy, 00, Ejpy 00, . ., —|—oo) = exp <_e_ﬂ(5in_7l)> .
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Multivariate Extreme Value distribution

Three conditions on G
@ The limit property

G(yiny .-+, +00, ..., Yyn) = +00.
@ The strong alternating sign property

(~1)*1G,..; >o0.

11--'7’.7,7 —

@ Homogeneity (which implies the zero property)

In
G(ay) = a"G(y), Va>0and y € RY.
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Outline

© MEV model

M. Bierlaire (TRANSP-OR ENAC EPFL) Multivariate Extreme Value models 14 / 62



MEV: the choice model

CDF of the error terms

Fen(Eln, R ,€Jnn) = eic(eisln""’e_gjnn)a y
Choice model: P,(i) =
o OF,
/ M(v Vin — V(i—l)n+€75a Vin — V(i+1)n+57"')d5'
e=—00 O¢; )

OF.
1n,E2n5-+,EJp
#( oy Vin — V(ifl)n +e,¢, Vinp — V(i+1)n +TE, .. )
85,’
= e °Gi(...,e” VirtVi-nn—e o=¢ o=Vt Viinn—e )

exp (—G(. e Vit Vicon—e gmf o Vit Vs ))
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MEV: the choice model

G is u-homogeneous
so that G; = 0G/0dy; is (u — 1)-homogeneous. J

e Gi(..., e VintVi-nn—e o=

exp (—G(..., e*Vin‘i’V(i—l)n*E, e s, e*Vin+V(i+1)n75’ » )>

— e~ (r—1)e o= (1—-1)Vi Gl..., eV(i—l)n7 eV;n7 eV(H-l)n, )
exp (—e_"ae_“‘/i"G(. ., eVinn eVin eVitun )) .

=Vint+Vir1)n—¢
e (+n=e )
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MEV: choice model

We now denote

eV = ( o eV("—l)", eV"", eV("+1)", .. ) ,

and simplify the terms to obtain
OF,

%( oy Vin — V(i—l)n +e,6, Vin — V(H'l)” TE - )
i

= e Hee rVineVinGi(eV) exp (—e‘“ae_“v""G(eV)) .

Therefore

Pu(i)=¢e* '"eV'"G V)/ M exp (—e‘“ae_“v’"G(ev)) de.
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MEV: choice model

Choice probability

P, (i) = e #VineVin Gy( V)/ “Hexp (—e_“se_“v""G(eV)) de.

Define t = — exp(—pue), so that dt = pexp(—ue)de:

Po(i) = e VeV Gi(eV )i/

t=—00

i exp <te_“v""G(eV)> dt,

which simplifies to
eVinGi(e")

PO e
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MEV model

MEV: choice model

Choice probability

o Gi(e)
P,(i) = !
) nG(eY) )
From Euler’'s theorem:
p () eV""G,- (ev)
N =
TG ()

Logit-like form:

m-HogG( )
Pn(i) =

Zje Vin+log Gj(e )
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MEV: choice model

The multivariate extreme value model:

_ e Vintlog Gi(e")
Pn(i)

- Z e\/j,,—i-log Gj(e‘/) ’
]

where G; = 0G/dy;, and G verifies
o (i) the limit property: G(y1in,...,+00,...,¥y,n) = +00.
@ (ii) the strong alternating sign property: for any set of j,, distinct
indices iy, ..., ijn,

(~1)*1G,..; >o0.

11,...7Ij,7

o (iii) the homogeneity property:

In
G(ay) = aG(y), Ya>0and y € R
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MEV: choice model

Probability generating function
A function G, which is © homogeneous, that verifies the MEV properties is
called a y-MEV function.

v

Expected maximum utility

1
E[max Uj,] = =(log G(e"1", ..., Y ,
[max Ujn] u( 8 G( )+7)
where 7 is Euler's constant

Euler's constant

+oo
v = _/ e *Inx dx ~ 0.5772.
0
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MEV model

MEV vs GEV

McFadden (1978)
MEV is called “General Extreme Value model” (GEV)

Jenkinson (1955)

a Generalized Extreme Value distribution (Jenkinson, 1955) is a univariate
distribution with CDF

e~ (LHE((x=n)/a) ) _ o < x <pu—o/§ forE <0
Fx(x) = p—o/E<x<oo for&>0

Ce——w)/o

e —00 < x < 00 for£ =0

& =0 TypelEV distribution
&>0 Type 2 EV distribution
£ <0 Type 3 EV distribution
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Distribution of the utility functions

Up = (Ulna--wUJnn) = (Vln +¢e1iny -y Vin +5Jn)

CDF

FUn(glv L 7£Jn) = Pr( Un S én) — e—G(evln_fl7.‘.’eVJnn7§Jn)‘

Marginal distributions: extreme value

log G(0,...,1,...,0)+v
m

@ Variance: 72/6u2, for each j

@ Mean: Vj, +
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MEV model

Variance-covariance matrix

Cov(a,-,,,aj,,) = E[Ein€jn]—E[€in]E[5jn]

L PRAGE) e
= [ [ e dgag -

where Elej,] =, F., (&, &) = Fe, (..., +00,&i, 400, ..., 4+00,&, +00, . ..

is the bivariate marginal cumulative distribution, and

O°F.. . (&, &
W = €m7€Jn(£la£J)e E'e 5J(GUGU GU)
where
Gi _ 0G(...,0,e7%.0,...,0,e7%,0,...)
’ %
and ,
Gi — 9 G(---,0,675’,0,...,O,efff',O,...)‘

b Oy;Oy;
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Outline

@ Examples of MEV models
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MEV models

Example: G(y) = > iy v/, p>0
J J
Q Glay) =D (ayi) =a") yl'=a’G(y)
i=1 i=1
li G(y) = i=1,...
Q@ lim_ (y)=+4o0,i=1,...,J
oG 1 0°G
Q@ — =y and =0
ay; ! dyidy;
’ G complies with the theory
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MEV models

Example: G(y) =7,y u>0

F(€1, . ,6_}) = e_G(eigl,...,e_EJ)
= e Z,'le eTHE
— J — e HE;
= Ilizie

Product of i.i.d EV

Logit Model
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MEV models

Example: G(e"1,...,e%) = Z,-le e"Vi >0
) e\/,-+|n Gi(e'1,...,e") . -1
P = S e eVt Gl ) with Gi(>) = px;
j€

eVitinGi(e',...e¥)  _  gVitinpt+(u—1)IneYi
elnptuVi

elnutpVi etVi

zjec elnlﬁ—#vj Zjec ep\/j

P(i) =
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MEV models

Example: G(e"1,...,eY) = Z,-le e"Vi, >0

E[maxjecn (j_]n] = % (ln G(eV17,..,eVJ)+’Y)

J

_ 1 Zqu v

= Mln e +M
i=1
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Examples of MEV models

MEV models
Example: Nested logit
M [ Jm im
c0)= 3 (S7)
m=1 \i=1
with © >0, pum > 0. )
Homogeneity
M/ Jm o M/ I
6o = 3 (Snr=) " =3 (S
m=1 \i=1 m=1 \i=1

Limit property

lim G(y)=+o0,i=1,...,J

Yi—+oo
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Examples of MEV models

MEV models
Example: Nested logit
K
M Jm Hrm
-3 (3]
m=1 \j=1

with @ >0, pum > 0.

Strong alternating sign property
96 u N im 1
— Hm— m
Ao = T HmY; Yi >0
If 4 < pm, then

-
0%G m1pm=1( m
Sy~ = ppmy!" "yt Z ! <0
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MEV models

So far, we have seen that
@ the logit model is a MEV model,

@ the nested logit model is also a MEV model:

M Im
Gly)=>_ (D> yb

m=1 \i=1

o If Mim < 1, then G complies with the theory
@ Are there other such models?
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Outline

© Cross nested logit model
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Cross-Nested logit model

Probability generating function

M rm

G(}/l, cee ,_)/J) = Z Z(ajml/ﬂyj)um )

m=1 J

with uim <1, &jm >0, and Vj,Im s.t. ajp >0

Generalization of the nested-logit model

M. Bierlaire (TRANSP-OR ENAC EPFL) Multivariate Extreme Value models 34 /62



Nested Logit Model

Public Private

Bus Train Car Ped. Bike
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Nested Logit Model

Motorized Unmotorized

Bus Train Car Ped. Bike
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Cross Nested Logit Model

/N

Motorized Private

Bus Train Car Ped. Bike
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Cross-Nested Logit Model

Choice model

B
Hm/ 1 i Vi | Hm
u (Sl o) E gy

P(ilc) = 3" Sim

A /B iV
— M N o o/ gt
= (5 o))" Liec ]

ec™ jn

which can nicely be interpreted as

=" P(m|C)P(i|m).
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Airline itinerary choice example

/\

One airline e stop

NS SAME MULT

Cross-nested logit
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Airline itinerary choice example

Parameter Coeff. Asympt.
number Description estimate std. error t-stat p-value
1 One stop—same airline dummy -0.674 0.185 -3.64 0.00
2 One stop—multiple airlines -1.10 0.175 -6.29 0.00
3 Round trip fare ($100) -1.55 0.170 -9.10 0.00
4 Elapsed time (0-2 hours) -0.783 0.210 -3.72 0.00
5 Elapsed time (2-8 hours) -0.177 0.0627 -2.82 0.00
6 Elapsed time (> 8 hours) -0.832 0.274 -3.03 0.00
7 Leg room (inches), if male (non stop) 0.0904 0.0305 2.97 0.00
8 Leg room (inches), if female (non stop) 0.174 0.0302 5.77 0.00
9 Leg room (inches), if male (one stop) 0.0998 0.0227 4.40 0.00
10 Leg room (inches), if female (one stop) 0.0640 0.0200 3.20 0.00
11 Being early (hours) -0.128 0.0175 -7.30 0.00
12 Being late (hours) -0.0747 0.0154 -4.86 0.00
13 More than two air trips per year (one stop—same airline) -0.241 0.120 -2.01 0.04
14 More than two air trips per year (one stop—multiple airlines) -0.0964 0.132 -0.73 0.47
15 Round trip fare / income ($100/$1000) -17.9 7.68 -2.34 0.02
16 fone airfine 111 0.122 0.861  0.39
17 [One stop 238 0.392 3511 0.00
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Airline itinerary choice example

Cross-nested logit: estimate «

/\

One airline e stop

\ :

NS SAME MULT
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Airline itinerary choice example

Invalid estimation results
@ u parameter for “One airline” = 0.785.
@ Should be greater or equal to 1.0.

@ We reject the model.

@ We constrain the u parameter to 1.0.
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Airline itinerary choice example

Parameter Coeff. Asympt.
number Description estimate std. error t-stat p-value
1 One stop, same airline dummy -0.703 0.165 -4.27 0.00
2 One stop, multiple airlines -0.975 0.172 -5.67 0.00
3 Travel time (hours) (0-2 hours) -0.806 0.214 -3.76 0.00
4 Travel time (hours) (2-8 hours) -0.182 0.0593 -3.07 0.00
5 Travel time (hours) (> 8 hours) -0.866 0.271 -3.20 0.00
6 Round trip fare ($100) / Income ($1000) -18.8 7.53 -2.50 0.00
7 Round trip fare ($100) -1.54 0.150 -10.26 0.00
8 More than two air trips per year (one stop, same airline) -0.244 0.123 -1.99 0.05
9 More than two air trips per year (one stop, multiple airlines) -0.109 0.131 -0.83 0.41
10 Leg room (inches), if female (non-stop) 0.179 0.0296 6.06 0.00
11 Leg room (inches), if male (non-stop) 0.0918 0.0309 2.97 0.00
12 Leg room (inches), if female (one-stop) 0.0607 0.0187 3.24 0.00
13 Leg room (inches), if male (one-stop) 0.0952 0.0211 4.52 0.00
14 Being early (hours) -0.127 0.0157 -8.10 0.00
15 Being late (hours) -0.0711 0.0141 -5.03 0.00
16 1 One stop 2.19 0.320 3.72! 0.00
17 « One stop / One stop, same airline 0.798 0.0889 8.98 0.00
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Airline itinerary choice example

Cross Nested logit Nested logit
@ Number of parameters: 17 @ Number of parameters: 16
@ Final log likelihood: @ Final log likelihood:
-1611.670 -1613.858
@ Special case of the cross
nested: a =1

Testing
@ t-test: aw =1 is rejected (test=2.27).
@ Likelihood ratio: —2(—1613.858 — (—1611.670)) = 4.32
@ Nested is rejected: Xio.os = 3.84.
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Cross nested logit model

Correlation matrix of the cross nested logit model

Bivariate marginal cumulative distribution

M 1 im 1 i\ T
FE,,EJ(&,@-) = exp (— Z ((a;;ne&) + (a};nefgj) ) ) .

m=1
W

Correlation matrix

1 0 0
Yene=1|( O 1 0.695
0 0.695 1

Notes
@ In this case, block diagonal structure, as the nested logit model.
@ But it does not mean it is a nested logit model.
@ Contrarily to probit models, MEV models are not characterized by the
structure of their correlation matrix. )
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Outline

© Network MEV model
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Network MEV model

Inheritance theorem

Context
@ Choice set C with J alternatives.
@ M subsets of alternatives Cp,, m=1,..., M.
@ J,, is the number of alternatives in subset m.
o Let G™: Ri’" — R, m=1,...,M be a un,~-MEV function on C,, for

each m. y
Theorem
M I
G:RL—R:y~ G(y)= Z (am G ([ylm))rm
m=1

is a u-MEV function if ap, > 0, >0 and pum >, m=1,..., m, where
[y]m denotes a vector of dimension Jp,, with entries y;, where the indices i
correspond to the elements in C,,.
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MEV models

Features
@ Provide a great deal of flexibility
@ Require significant imagination

@ Require heavy proofs
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Network MEV

Daly & Bierlaire (2006)
@ Extension of the tree representation for nested logit
@ Investigate new MEV models

@ Provide the proof once for all
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Network MEV

Network

@ Consider a network with nodes i, j, k, ..., and links connecting nodes.

@ No circuit.

@ One node without predecessor: root.

@ J nodes without successor: alternatives.

@ All other nodes are called: nests.

@ Each nest m is associated with a nest parameter pp,.

@ The parameter associated with the root is . It cannot be identified
and is normalized to 1.

@ Each arc linking node m to node p is associated with a parameter
amp, Which captures the level of membership, in a similar way as the
« parameters of the cross nested logit model.

Assumptions

- - o . — .. -
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Network MEV
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Network MEV model

Choice model
@ Recursively defined.

@ Associate with each node a subset Cp, and a y,,-MEV function G™.

v

Alternative |
@ Subset: C; = {i}.
@ Normalize pu; = 1.
@ 1-MEV function: G':R - R: G(y) =y
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Network MEV model

Nest m: list of successors I/,
@ Subset: Cpy = Uy, Cp-
@ um-MEV function:

3E

G™ - R|Cm| —S R Gm(y) = Z (apmGp(y))

PEIm

o Validity: inheritance theorem.
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Network MEV model

lllustrative example

‘ @ '
@ @ G(y1,y2) = (a1sy1)"® + (aosyn )

T ®
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Network MEV model

lllustrative example

‘ @ '
@ @ G®(y2,y3) = (az26y2)"® + (136y3)"*

Q26

s & ® B
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Network MEV model

lllustrative example

‘ @ '
@ @ h "(y3,ya) = (c37y3)"" + (Cuazya)"".

Q7
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Network MEV model

lllustrative example

G8(Y1:}’2,)/3) u
8
= (assG” ()/17)/2))“5 + (s GO(y2, y3)) 7o

a3

= (asg((a15y1)" + (azsy2)"®)) s

_@ ®

bk

@ + (s ((26y2)H® + (0536}/3)‘“6))’% )
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Network MEV model

lllustrative example

v * Gg()’2y}/3,)/4)
C?\ — (a60G®(y2,y3)) 0 + (79 G (y3, ya)) 7
5 6 % w

~ - = (aeo((a26y2)" + (azey3)"®)) e
o @

@ +(azo((asrys)"” + (M?ﬂ)‘”))g.

58 / 62
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Network MEV model

lllustrative example

@ .A G'%(y3, ya) .
*®

é o *@ A0 = (07106 (y3,y4)) M

g ® ® o

K10
(a7,10((a37y3)"” + (carya)')) #7
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Network MEV model

lllustrative example

s B © o
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Network MEV model

lllustrative example

Complete model
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Network MEV model

Comments

@ Normalization of the parameters can be complicated depending on
the network topology.

@ In practice, tree structures should be kept simple.

@ Typical applications: multiple level nested logit or cross-nested logit.
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