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Outline

e Mixtures

e Capturing correlation

e Alternative specific variance
e Taste heterogeneity

e Latent classes

e Simulation-based estimation
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Mixtures

In statistics, a mixture probability distribution function is a convex
combination of other probability distribution functions.
If f(e,0) Is a distribution function, and If w(#) IS a non negative

function such that
/w(@)dé’ =1
0

(6) = [ wio)f(e.0)as
0

IS also a distribution function. We say that g is a w-mixture of f.
If fis alogit model, g is a continuous w-mixture of logit

If fis a MEV model, g Is a continuous w-mixture of MEV

then
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Mixtures

Discrete mixtures are also possible. If w;, 7 =1,...,n are non
negative weights such that

i=1
then
g(e) = sz'f(c‘fﬁz')
i=1

IS also a distribution function where 6;, i = 1,...,n are parameters.
We say that ¢ is a discrete w-mixture of f.
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Example: discrete mixture of normal distributions
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Example: discrete mixture of binary logit models
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Mixtures

e General motivation: generate flexible distributional forms

e For discrete choice:
e correlation across alternatives
e alternative specific variances
e taste heterogeneity
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Back to the telephone example

Budget measured: Usm = aguw + BXsm + €Bwm
Standard measured: Usy = asy + OBXsmy + esm
Local flat: Ur = o + BXrrp + err
Extended area flat: Usr = agp + PBXgr + €gr
Metro area flat: Uve = BXyr + emr

Distributions for ¢: logit, probit, nested logit
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Back to the telephone example

Covariance of U

Logit
(02 0O 0 0 o\ ( 02\ OBM.SM
0 o2 0 0 0 OBMSM oy
0 0 o> 0 O OBM,LF  OSM,LF
0 0 0 o2 0 OBM,EF  OSM,EF
\ o o0 0 O 02) \UBM,MF TSM,MF
Nested logit
( 1 pmy O 0 O \
oy 10 0 0
7_(_2
602 0 0 1 pr pFr
0 0O pr 1 pFp
K 0 0O pr pr 1 )

“Z TRANSP-OR

Probit
OBM,LF
OSM,LF
olr
OLFEF

OLEMF

OBM,EF OBM,MF \
OSM,EF O SM,MF
OLEEF OLEMF

OEE OEFMF
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Continuous Mixtures of logit

e Combining probit and logit
e Error decomposed into two parts

1.i.d EV (logit): tractability
Normal distribution (probit): flexibility
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Logit

o Ultility:
Uausto = PXauto +  Vauto
Uus = BXpus +  Vbus
U subway T pX subway T  Vsubway

e v I.1.d. extreme value
e Probability:

e/BXauto

A(aUtO‘X) — eBXauto + eBXbUS —I_ eﬁxsubway
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Normal mixture of logit

o Utility:
Uauto = PSXauto +  Sauto +  Vauto
Uws = BXpus +  &bus +  Vbus
U subway pX subway T fsubway T  Vsubway

e v I1.d. extreme value, £ ~ N(0, )
e Probability:

GBXauto ‘|‘§auto
A(auto| X, &) =

eBXauto‘|‘€auto — e@Xbus‘*'gbus — erBXSUbway+£subway

P(auto|X) = /gA(auto\X, €)f(&)dE
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Simulation

P(auto|X) = /gA(auto|X, &) f(&)dE

e Integral has no closed form.
e Monte Carlo simulation must be used.
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Simulation
e In order to approximate
P(ilX) = L AGIX, ) (€)de

e Draw from f(¢) to obtain r1, ..., rg
e Compute

3|
E

P(i|X) ~ P(i|X) = P(i| X, 1)

k=1

ev]_n +Tk:

[
3|
[]=

eVintre 4+ eVan+re 4 eVan

e
I

1
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Capturing correlations: nesting

o Utility:
Uauto = 5 Xauto +  Vauto
Ubus = BXpus +  Otansittransit +  Vbus
U, subway — X subway T Otransit’ftransit T Vsubway

e viid. extreme value, nyansit ~ N(0,1), of, .« =COV(bus,subway)

e Probability:

eﬁXauto

eﬁxauto — eﬁxbus+0'transit77transit — eﬁXsubway+0'transit77transit

A(auto| X, nyansit) =

P(auto|X) = /A(auto]X,g)f(n)dn

N
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Nesting structure

Example: residential telephone

ASC BM ASC SM ASC LF ASC EF BETAC oM OF
BM | 1 0 0 0 In(cost(BM)) ns
SM | 0 1 0 0 In(cost(SM))  nums
LF 0 0 1 0 In(cost(LF)) 0 NE
EF | O 0 0 1 In(cost(EF)) O ng
MF | O 0 0 0 In(cost(MF)) O ng
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Nesting structure

ldentification issues:
e If there are two nests, only one ¢ is identified
e If there are more than two nests, all 's are identified

Walker (2001)
Results with 5000 draws..
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NL NML NML NML NML
O — 0 ONM — 0 O = OM
L -473.219 -472.768 -473.146 -472.779 -472.846
Value Scaled Value Scaled Value Scaled Value Scaled Value Scaled
ASC_BM -1.784 1.000 -3.81247 1.000 -3.79131 1.000 -3.80999 1.000 -3.81327 1.000
ASC_EF -0.558 0.313 -1.19899 0.314 -1.18549 0.313 -1.19711 0.314 -1.19672 0.314
ASC_LF -0.512 0.287 -1.09535 0.287 -1.08704 0.287 -1.0942 0.287 -1.0948 0.287
ASC_SM -1.405 0.788 -3.01659 0.791 -2.9963 0.790 -3.01426 0.791 -3.0171 0.791
_LOGCOST -1.490 0.835 -3.25782 0.855 -3.24268 0.855 -3.2558 0.855 -3.25805 0.854
FLAT 2.292
MEAS 2.063
oF 3.02027 0 3.06144 2.17138
oM 0.52875 3.024833 0 2.17138
52 4+ o3, 9.402 9.150 9.372 9.430




Comments

e The scale of the parameters is different between NL and the
mixture model

e Normalization can be performed in several ways
e o =10
e o)y =20
® O =0y
e Final log likelihood should be the same
e But... estimation relies on simulation
e Only an approximation of the log likelihood is available

e Final log likelihood with 50000 draws:
Unnormalized: -472.872 o) =op: -472.875
or = 0: -472.884 oy = 0: -472.901
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Cross nesting

“Z TRANSP-OR

Train
Vius "‘fl
Vtrain ‘|‘€1
Vear  +&1
Vped
Vhike

+&2
+&2
+&2

Nest 2

ar Ped. Bike

TEpus
TEtrain
+Ecar

+¢€ped
+Ebike

P(car) = / /£ P(car|ér, &) £(60)f (62)déadey
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|dentification iIssue

e Not all parameters can be identified

e For logit, one ASC has to be constrained to zero

e ldentification of NML is important and tricky

e See Walker, Ben-Akiva & Bolduc (2007) for a detailed analysis
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Alternative specific variance

e Errorterms in logit are i.i.d. and, in particular, have the same
variance
Uin = 1 2in + ASC; + €41,
o ¢, i.i.d. extreme value = Var(s;,) = 72 /63
e In order allow for different variances, we use mixtures

Uin = B 24 + ASC; + 0:& + €4
where & ~ N(0,1)

e Variance:
2

-
Var(oi&; + ein) = 07 + —5
(O-g —|_8 ) U’L —|_ 6/112
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Alternative specific variance

Identification issue:
e Not all os are identified
e One of them must be constrained to zero

e Not necessarily the one associated with the ASC constrained to
Zero

e In theory, the smallest o must be constrained to zero
e In practice, we don’'t know a priori which one it is

e Solution:
1. Estimate a model with a full set of os
2. ldentify the smallest one and constrain it to zero.
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Alternative specific variance

Example with Swissmetro

ASC CAR ASC SBB ASC SsM B COST B FR B _TIME
Car 1 0 0 cost 0 time
Train 0 0 0 cost freq. time
Swissmetro | O 0 1 cost freq. time

+ alternative specific variance

k (L

. T RANSP'D E ECOLE POLYTECHMN IGLE

FEDIRALE DE LAUSAMNE

Mixture Models — Simulation-based Estimation — p. 23/72



Logit ASV ASV norm.
L -5315.39 -5241.01 -5242.10

Value Scaled Value Scaled Value Scaled

ASC_CAR 0.189 1.000 0.248 1.000 0.241 1.000

ASC_SM 0.451 2.384 0.903 3.637 0.882 3.657

B_COST -0.011 -0.057 -0.018 -0.072 -0.018 -0.073

B_FR -0.005 -0.028 -0.008 -0.031 -0.008 -0.032

B_TIME -0.013 -0.067 -0.017 -0.069 -0.017 -0.071

SIGMA_CAR 0.020

SIGMA_TRAIN 0.039 0.061
SIGMA_SM 3.224 3.180




ldentification issue: process

Examine the variance-covariance matrix

1. Specify the model of interest
Take the differences in utilities
Apply the order condition: necessary condition
Apply the rank condition: sufficient condition
Apply the equality condition: verify equivalence

o K~ WD
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Heteroscedastic: specification

Uy = pr1 +o01& +e1
Uy = px +0282 +e9
Us = pfax3 +0383 +e3
Uy = puy +0484  +ey

where &~ N(O, 1), Ei ™ EV(O, /L)

( o5 + v/ u 0 0 0 \
_ 0 o3 + /1 0 0
Coviy) = 0 0 03 + 7/ u? 0
\ 0 0 0 o3 +/u® )
+ . ()

. T RANSP'D E ECOLE POLYTECHMN IGLE

FEDIRALE DE LAUSAMNE

Mixture Models — Simulation-based Estimation — p. 25/72



Heteroscedastic: differences

U —Us = B(r1—x4)+ (0161 — 04&a) + (61 — €4)

Uy —Us = PB(r2—x4)+ (0252 — 04&s) + (€2 — €4)

Us—Us = (w3 —24)+ (0383 — 04&4) + (€3 — €4)

Cov(AU) =

of + o3 +2y/i* o +/u’ o5 + /1
o5 + /1 03 + 03 + 2/ 1’ o5 + /1
o3 + /1 ol +y/w o3 +oi+2y/p

& (il
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Heteroscedastic: order condition

e S is the number of estimable parameters
e J is the number of alternatives

e It represents the number of entries in the lower part of the
(symmetric) var-cov matrix

e Minus 1 for the scale
e J=4implies S <5
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Heteroscedastic: rank condition

ldea
e Number of estimable parameters =
e number of linearly independent equations
e -1 for the scale

Cov(AU) =

ot + 0 +2y/p?
oy +/u* o3+ of+2v/p
oy +/1 oy +/ 1’ (03 +0f +2y/p?

dependent scale
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Heteroscedastic: rank condition

Three parameters out of five can be estimated
Formally...
1. Identify unique elements of Cov(AU)
2. Compute the Jacobian wrt 0%, 03, 02, 0%, 7/ 1*
3. Compute the rank

[(of+oi+2y/w>\ [ 1 0 0 1 2\
o5 + 05 + 2/ p? 0 1 0 1 2
o3 + o3 + 27/ u? 0 0 1 1 2

\ oF + v/’ ) \O 0 0 1 1)

S=Rank-1=3
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Heteroscedastic: equality condition

We know how many parameters can be identified
There are infinitely many normalizations
The normalized model is equivalent to the original one

R

Obvious normalizations, like constraining extra-parameters to O
or another constant, may not be valid
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Heteroscedastic: equality condition

Un — BTxn + Lnf’n + &n
Cov(U,) = LyLy, + (v/)I
Cov(AjUn) - AjLnL,Z:A? + (’Y/,LLQ)AJ'A?

Notations:
A ( 1 -1 o)
0O —1 1
Cov(A;U,) = Q, = 3, + Iy
Qnorm — Znorm _|_ Fnorm

. (G
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Heteroscedastic: equality condition

The following conditions must hold:
e Covariance matrices must be equal

norm
Q, = Q"

e X" must be positive semi-definite
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Heteroscedastic: equality condition

Example with 3 alternatives:

Uy = Bz +01& +eq
Uy = B2 +02&o +eo
Us = pux3 +0383  +e3

ot + o5+ 2y/ 1’

COV(AgU) = =
( o3 +y/u* of+of+2y/p )

e Parameters: {o1,09,03,u}
e Rank condition: S =2
e . is used for the scale
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Heteroscedastic: equality condition

e Denote v; = o?u? (scaled parameters)
e Normalization condition: v3 = K

a_ [ Wtrst 2v)/
(v3 + ) /1 (vo +v3 + 27) /1

qnorm _ (V{V + K + 27)/:“%\7
(K +7)/p3 (v3" + K +2v) /uy

where index N stands for “normalized”
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Heteroscedastic: equality condition

First equality condition: 2 = Qhorm

(v +v)/p* = (K+7)/uy
(1 +v3+27) /1 = (1) +K+29)/u}
(v +v3+27)/1* = (15 +K+27)/uk

that is, writing the normalized parameters as functions of others,

ni = prE+7)/(vs+7)
v = (K+9)(r1i+v3+2y)/(vs+7) — K —2y
vy = (K+7)(e+vs+2y)/(r3+7)—K—2y
E I
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Heteroscedastic: equality condition

Second equality condition:

N 0
norm 1 I/l N
M
0 0 K

must be positive semi-definite, that is
puy >0, v >0, v >0, K>0.
Putting everything together, we obtain

V3 — V)Y

K>(
Vit

Ci=1,2

(L
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Heteroscedastic: equality condition

s Z vy 5y

K >
Vi +

o Ifvy <y, i=1,2,thenthe rhsis negative, and any K > 0 would
do. Typically, K = 0.
e If not, K must be chosen large enough

e In practice, always select the alternative with minimum
variance.
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Taste heterogeneity

e Population is heterogeneous

e Taste heterogeneity is captured by segmentation

e Deterministic segmentation is desirable but not always possible
e Distribution of a parameter in the population
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Random parameters

Ui = BT+ B.Ci +¢€;
Ui = 0BT+ 8.0 + ¢

Let B; ~ N (B, 07), or, equivalently,
Bt = B + 0:&, with & ~ N(0,1).

U5 = BT+ 0T, + B.C; + i

Uj = ﬁtTj + O'thj + Bch + € j
If ¢; and ¢; are 1.1.d. EV and ¢ Is given, we have

QBtTi+0't£Ti +B:C}

P(Z‘€> — eﬁ_tTi+O—t£Ti+ﬁcCi _l_ BBtTj+O-t€Tj+BCCj7 and

P(i) = /g P(i[€) £(€)de.
& GGl
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Random parameters

Example with Swissmetro

ASC CAR ASC SBB ASC SsM B COST B FR B _TIME
Car 1 0 0 cost 0 time
Train 0 0 0 cost freq. time
Swissmetro | O 0 1 cost freq. time

B_TIME randomly distributed across the population, normal
distribution
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Random parameters

Logit RC

L | -5315.4 | -5198.0

ASC _CAR_SP 0.189 0.118
ASC _SM _SP 0.451 0.107

B COST | -0.011| -0.013

B FR | -0.005 | -0.006

B TIME | -0.013 | -0.023

S TIME 0.017
Prob(B_TIME > 0) 8.8%
N 234.84

“Z TRANSP-OR
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Random parameters

25 T T | o ]
Distribution of B TIME ———
20 4
15 -
10 -
5F -
[TiT—

08 006 004 002 0 0.02 0.04 )
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Random parameters

Example with Swissmetro

ASC CAR ASC SBB ASC SsM B COST B FR B _TIME
Car 1 0 0 cost 0 time
Train 0 0 0 cost freq. time
Swissmetro | O 0 1 cost freq. time

B_TIME randomly distributed across the population, log normal

distribution

“Z TRANSP-OR
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Random parameters

[Utilities]

11 SBB_SP TRAI N_AV_SP ASC SBB SP * one +
B COST * TRAI' N_COST +
B FR * TRAI N_FR

21 SM SP SM AV ASC SM SP * one +
B COST * SM_COST
B FR * SMFR

31 Car_SP CAR_AV_SP  ASC CAR _SP * one +
B COST * CAR_CO

[ GeneralizedUtilities]

11 - exp( BTIME[] STIME] ) » TRAINTT
21 - exp( BTIME[ STIME] ) = SMTT

31 - exp( BTIME[ STIME] ) » CARTT
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Random parameters

Logit RC-norm. RC-logn.
-5315.4 -5198.0 -5215.81
ASC_CAR_SP 0.189 0.118 0.122
ASC SM_SP 0.451 0.107 0.069
B COST -0.011 -0.013 -0.014
B FR -0.005 -0.006 -0.006

B _TIME -0.013 -0.023 -4.033 -0.038

S _TIME 0.017 1.242 0.073
Prob(g > 0) 8.8% 0.0%
x> 234.84 199.16
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Random parameters

40

35

30

25

20

15

10

[ [ [
Lognormal Distribution of B_TIME -
Normal Distribution of B_ TIME -

" |Lognormal mean

Normal mean

07 -0.06
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Random parameters

Example with Swissmetro

ASC CAR ASC SBB ASC SsM B COST B FR B _TIME
Car 1 0 0 cost 0 time
Train 0 0 0 cost freq. time
Swissmetro | O 0 1 cost freq. time

B_TIME randomly distributed across the population, discrete
distribution

“Z TRANSP-OR

P(ﬁtime :B) — W1 P(ﬁtime :O) —w2 =1—w
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Random parameters

[ D screteDistributions]
BTIME<BTIMELl (W) BTIME2 ( W) >

[ LI near Constr ai nt s]
Ww + W =1.0
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Random parameters

Logit RC-norm. RC-logn. RC-disc.
-5315.4 -5198.0 -5215.8 -5191.1
ASC_CAR_SP 0.189 0.118 0.122 0.111
ASC _SM_SP 0.451 0.107 0.069 0.108
B _COST -0.011 -0.013 -0.014 -0.013
B FR -0.005 -0.006 -0.006 -0.006
B TIME -0.013 -0.023 -4.033  -0.038 -0.028
0.000

S TIME 0.017 1.242  0.073
W1 0.749
W2 0.251
Prob(3 > 0) 8.8% 0.0% 0.0%
x> 234.84 199.16 248.6

“Z TRANSP-OR
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| atent classes

e Latent classes capture unobserved heterogeneity

e They can represent different:
e Choice sets
e Decision protocols
e Jastes
e Model structures
o efC.

) (L
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| atent classes

e A(i|s) Is the class-specific choice model

e probability of choosing i given that the individual belongs to
class s

e (J(s) Is the class membership model
e probability of belonging to class s

) (L
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Summary

e Logit mixtures models
e Computationally more complex than MEV
e Allow for more flexibility than MEV

e Continuous mixtures: alternative specific variance, nesting
structures, random parameters

P(i) = /g A€ F()de

e Discrete mixtures: well-defined latent classes of decision
makers

E (L
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Tips for applications

e Be careful: simulation can mask specification and identification
ISsues

e Do not forget about the systematic portion

) (L
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No closed form formula

e Randomly draw numbers such that their frequency matches the
density f(&)

o Letél,. .. £ be these numbers
e The choice model can be approximated by

L N ]
=2 TRANSP-OR —c.-(lwﬂ-.u
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Simulation

1 R
P(i) ~ — > A(ilr).

The kernel is a logit model, easy to compute.

€V1n+'r'

A(/Ll{r) - evln‘i_r _|_ ev2n+r _|_ €V3n

Therefore, it amounts to generating the appropriate draws.
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Appendix: Simulation

Pseudo-random numbers generators
Although deterministically generated, numbers exhibit the properties
of random draws

e Uniform distribution

e Standard normal distribution

e Transformation of standard normal
e Inverse CDF

e Multivariate normal

E (L
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Appendix: Simulation: uniform distribution

e Almost all programming languages provide generators for a
uniform U (0, 1)

e Ifrisadraw froma U(0,1), then

s=((b—-—a)r+a

IS a draw from a U(a, b)

“Z TRANSP-OR _.ﬂlﬂ.
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Appendix: Simulation: standard normal

e If r; and r, are independent draws from U (0, 1), then

s1 = +/—2Inrysin(27rs)
So = +/—2Inry cos(2mrsy)

are independent draws from N (0, 1)
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Appendix: Simulation: standard normal

Histogram of 100 random samples from a univariate
Gaussian PDF with unit variance and zero mean
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Appendix: Simulation: standard normal

Histogram of 500 random samples from a univariate
Gaussian PDF with unit variance and zero mean
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Appendix: Simulation: standard normal

Histogram of 1000 random samples from a univariate
Gaussian PDF with unit variance and zero mean
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Appendix: Simulation: standard normal

Histogram of 5000 random samples from a univariate
Gaussian PDF with unit variance and zero mean
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Appendix: Simulation: standard normal

Histogram of 10000 random samples from a univariate
Gaussian PDF with unit variance and zero mean
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Appendix: Simulation: transformations of standard nc

e If ris adraw from N (0, 1), then
s=br+a

is a draw from N(a, b*)
e If ris adraw from N(a,b?), then

67"

is a draw from a log normal LN (a,b?) with mean

cat(5%/2)

and variance
2 2
62a—|—b <€b o 1)
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Appendix: Simulation: inverse CDF

e Consider a univariate r.v. with CDF F(¢)
e If F'is invertible and if » is a draw from U (0, 1), then

s=F~r)

Is a draw from the given r.v.
e Example: EV with

= TRANSP-OR — I
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Appendix: Simulation: inverse CDF

1

0.8

0.6

0.4

0.2

CDF of the Extrerlne Value distributionI
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Appendix: Simulation: multivariate normal

e Ifry,...,r, are independent draws from N (0, 1), and

e then
s=a-+ Lr

is a vector of draws from the n-variate normal N(a, LL'), where
e L is lower triangular, and

e LL' is the Cholesky factorization of the
variance-covariance matrix
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Appendix: Simulation: multivariate normal

Example:

(11 0 0
L = lo1  foo 0

631 €32 £33

S1 = 5117“1
So = loiry +  loors
s3 = Jd31r1 + Llsore +  l337r3
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Appendix: Simulation for mixtures of logit

e In order to approximate

P(i) = / AGIE) F(€)de

3
e Draw from f(£) to obtain rq, ..., rg
e Compute
1 R
P(i) ~ P(i) =5 > Alilry)
k=1
R Vln""’“k
R Z 6V1n+rk _I_ €V2n+rk _|_ 6V3n
]g_

(L
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Appendix: Maximum simulated likelihood

N J
max £(0) = > ( Y lnP@;e))
j=1

n=1

where y;,, = 1 if Ind. n has chosen alt. 5, 0 otherwise.
Vector of parameters # contains:

e usual (fixed) parameters of the choice model
e parameters of the density of the random parameters

e Forinstance, if 8; ~ N(u;,07), u; and o; are parameters to be
estimated

= TRANSP-OR — I
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Appendix: Maximum simulated likelihood

Warning:

e P(j;6)is an unbiased estimator of P(j;6)
E[P.(5;0)] = P(j;9)
e In P(5:0) is not an unbiased estimator of In P(j; 6)
In E[P(j; 6] # E[ln P(j; 6)]

e Under some conditions, it is a consistent (asymptotically
unbiased) estimator, so that many draws are necessary.
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Appendix: Maximum simulated likelihood

Properties of MSL.:
e If Ris fixed, MSL is inconsistent
e If Rrises at any rate with V, MSL is consistent

e If R rises faster than v/ N, MSL is asymptotically equivalent to
ML.
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