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L ogit

e Random utility:
e ¢, Isli.d. EV (Extreme Value) distributed

e c;, IS the maximum of many r.v. capturing unobservable
attributes, measurement and specification errors.

e Key assumption: Independence
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Relax the independence assumption

Uln Vln Eln
— : +
an VJ’n EJn
that is
Uu, =V, +¢e,

and ¢,, Is a vector of random variables.

Assumption about the random term:
multivariate distribution
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Relax the independence assumption

A multivariate random variable ¢ is represented by a density function

fler,...,eg)
and

Pe<ay= [ [ fe)dey ... de
[.].

where z € R’ is a J x 1 vector of constants.
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Probit modd

e Multivariate normal variable N (u, )
e ucR/

o ¥ c R/*/, definite positive

e Density function:

fle) = (2m)~F [z Rem2EmTE e
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Probit modd

Example: trinomial model

U1 = V1 —|—€1
U2 = VQ —|—€2
U3 = V3 +83

and e ~ N(0,%). We have P(2) = P(U; - U <0 i=1,2,3)

U —Uz = Vi —=Vo+e1 —e9
Us — Us Vi3 —Vo+e3—69
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Probit modd

Matrix notation with

A22(1 1 0)
0 -1 1

Uy — Us 7
AU = ~ N(AV. AySA
2 <U3U2> (A2V, AgXiA; )
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Probit modd

In general, we have
AU ~ N(A;V, AjSAD)

and P(i) =

with

1

F(Ae) = (2m) 2| ASAT | "2 2 (Riem AV T (AZAD) T (A=A V)
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Probit modd

e The integral of the density function has no closed form

e In high dimensions, numerical integration is computationally
Infeasible

e Therefore, the probit model with more than 5 alternatives is
very difficult to use in practice
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Relax the independence assumption

Assume that ¢,, iIs a multivariate random variable with
e CDF: an (fl, - ,fjn)

o pdf: fo (&1,..-,€0,) = g (€11 60,):
e The choice probability is

Pn(1> — Pr(V2n + €2n S Vln + Elny .« -y VJn + EJn S Vln + 5171)7
or

Pn(l) — Pr(EQn — E1n S Vln — V2n7 e sEJn — €1n S Vln — VJn)
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Relax the independence assumption

Change of variables:

gln = &1n; gzn — &in — &1n, 1= 27-"7Jn7

that is

(gln\ (10---00\( eln\

Eon -1 1 --- 0 0 E2n

§(Jn—1)n -1 0 -~ 10 E(Jn—1)n

e ) Vto 0\ e )

and
Pn(l) — Pr(an < Vln — VZna e 7€Jnn < Vln — VJnn)-

E — ICH
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Relax the independence assumption

Pn(l) — Pr(an < Vln — V2n7 S 7§Jnn < Vln — VJnn)-

e Only J, — 1 Inequalities.
e &1, can take any value.

e Choice probability = CDF of (&2, ...,&;. ») evaluated at
(Vl’n — V2n7 sy Vln — VJn’rL)-

Pn(l) — Fﬁ'ln,fgn ..... T, (—i—OO, Vln — VZna sy Vln — VJnn)

Vin—Van Vln_VJnn
/ / / fflna§2n ----- §an, ('517 527 S 7€Jn)d€,
1=700 Ve2=700 §Jy, =—00
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Relax the independence assumption

Vin—Van Vln_VJnn
/ / / fglnaién aaaaa £Jn (5175277€Jn)d£
1=700 Y5277 00 §Jy, =—00

e Change of variables: determinant 1.
® pdf of (€1n7- . ,fJ n) = pdf of (Eln,. . ,€Jnn)

Vin—Van+e1 Vin—=Vi,nte1
/ / / f€1n7€2n ----- EJy (517 €2y . .- 7€Jn)d€'
g1=—00 J gg=—00 £, =—00

n

e OF., - 5
Pn(l) — / Loz In (81,V1n—‘/2n—|—€1,. --7V1n_VJnn“|_51)d€1-
5

1=—00
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Multivariate Extreme Value modd

e ¢, = (€1n,...,€sn) fOllows a multivariate extreme value
distribution if it has the CDF:

an(glna---aan)ze )

where G : R{" — R, is a positive function with positive
arguments.

e To be a valid CDF, it must verify the following properties.
e (i) the limit property

Fe (51n,...,—00,...,5Jn):0,

n

or
G(Yin, - -+, +00, ..., Ysn) = F00.
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Multivariate Extreme Value modd

e (i) the zero property

or
G(0,...,0) =0.
e (ill) the strong alternating sign property:

e Any partial derivative of F. defines a density function of a
marginal distribution.

e To be a valid density function, it has to be non negative.

e For any set of J,, < J, distinct indices i, . .. 1T
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Multivariate Extreme Value modd

Fan (51n7 cee aan) — 6—G(e_€1n,...,€_€']n)’
e (iii) the strong alternating sign property (ctd).
e The right-hand side changes sign each time it is
differentiated.

e To obtain a non negative sign, G must also change sign
each time it is differentiated.

e For any set of ., distinct indices i1, . .. T

~

(-1~ t@ > 0.

21,...,Zjn
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Multivariate Extreme Value modd

We need another property: homogeneity.
e A function GG iIs homogeneous of degree u, or u-homogeneous,
If
G(ay) = a"G(y), Va > 0and y € R
e It will imply two results:
e the marginals are univariate extreme value distributions,
e the choice model has a closed form.
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Multivariate Extreme Value modd

e ith marginal distribution:
F. (400, ...,400,im, 400, ..., +00) = e~ G0n0:e77,0,..,0)
e If G is u-homogeneous, we have
G(0,...,0,e %" 0,...,0) = e *nG(0,...,0,1,0,...,0),
or equivalently,

—E€in _ _—uein+log G(0,...,0,1,0,...,0
G(0,...,0,e5",0,...,0) = e H g Gl )

e Define logG(0,...,0,1,0,...,0) = un, so that

F. (400,...,400,€in, +00,...,+00) = exp (—e_“’(em_”)) :
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Multivariate Extreme Value modd

—G(e fln .. e” SJn
an(€1n,...,€Jn):6 ( )7

F. (4+00,...,400,€Ein, +00,...,+00) = exp (—e_“’(gm_m) :

e Four properties (actually, three).

e Valid CDF

e Marginals: univariate extreme value distribution.

e \We have a multivariate extreme value distribution.
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MEV: choice model

—G(e fln .. e” SJn
Fen(glna”'ag}n)ze ( )7

881‘

As G Is y-homogeneous, G; = 0G/0dy; IS 4 — 1-homogeneous and

P SN e an’iln,&Qn,...,Ejn
n(’l/) = ( S V:in_‘/(i—l)n—i_g? E, ‘/7;”—‘/(“_1)714—8, .. )dEE

=—00

OF.,, con,..
S (Vi = Viien 6,6, Vin = Vign +65-0)

Y Y

= e G(..., e VintVi-nn=e o= o= VintViigm=e )
—Vin+Vi—in—¢ =€ o= Vin+tVigtiyn—¢
exp(—G(...,e (i-1)n"€ 7€ ¢ (i+1) ,))
— e e (b Deg=(k=1Vin Gi(... ,eV@—l)n,eVi”, eV<v:+1>n, )
exp (_e_:u&‘e_,uf‘/in G( e ev(i—l)n’ 6‘/1'n76V(i—|—1)n, . ))
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MEV: choice model

We now denote

e’ = (... e t-nn eVin eVt )

and simplify the terms to obtain

s Vin = Viicim 6,6 Vin — Viigym +6,..1)

= e HeemWineVin G (V) exp (—e_”ee_l‘vi“G(eV)) .

Therefore,

+oo
P, (i) = e #VineVinGy(eV) / e M€ exp (—e_“ge_“Vi”G(ev)) de.

E=—00
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MEV: choice model

+o0
P, (i) = e "VineVing,(eV) / e H€ exp (—6_“66_“%”67(6‘/)) de.

E=—00

Define ¢t = — exp(—pue), so that dt = pexp(—pe)de:

1 0
P, (i) = e *VineVin G (e¥) = / exp (te_“va(eV)) dt,
HJe

=—00

which simplifies to

, eVinG(eV
P,(i) = (V )
pG(e)
From Euler’s theorem:
' eVin-l—log Gi(ev)
P, (1)

k. B > eVintlog Gj(eV) " . .ﬂlﬂ.
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MEV: choice model

The multivariate extreme value model:

6Vm—l—log G; (ev)

P’rL (’I,) — ZJ ern—I—log G, (ev) .

where G; = 0G/0y;, and G verifies
e (i) the limit property: G(y1n,...,+00,...,Yjn) = +00.

e (il) the strong alternating sign property: for any set of 7,, distinct

Indices i1, ... 17

e (iii) the homogeneity property:

G(ay) = a"G(y), YVa > 0and y € R
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MEV vs GEV

e McFadden introduces the General Extreme Value model (GEV)

e In statistics, a Generalized Extreme Value distribution
(Jenkinson, 1955) is a univariate distribution with CDF

( e—(1_|_£((x_u)/o-))_1/£) —o0 < x S U — O—/€ 'foré= <0
Fx () = { p—o/f <x<oo foré >0

e (@—p)/o

e —00 < T < 0 foré6 =0

\

¢ =0 Type 1EV distribution
e ¢>0 Type?2EV distribution
£ <0 Type 3 EV distribution
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MEV models

Example: G(y) = 37, o

=1 yz

G complies with the theory
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MEV models

Example: G(y) = Z;-le Yy

Product of i.i.d EV
Logit Model
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MEV models

Example: G(e"1,...,e"7) =37 eV

eVitInG; (eV1,....eV7)

. : —1
PU) = e Wi Gu(e) = st
J

eVi—i—ln Gi(eV1,....eVT) 6Vi—i—ln,u—i—(,u—l)ln eVi

eln p+pVi

eln p+pVi eMVi

o Zje(] eln p+puV; = Zje(] eHVi
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MEV models

Example: G(eV1,...,e"7) =37 erVs

Remember t

ne

ormu

ation?
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MEV models

Example: Nested logit

M [ Jm e
-3 (S)
m=1 1=1
M [ Jm prren M [ Jn prren
1. Glay) = (Z(ayi)”m> =ty <S: Ys m)
m=1 \i1=1 m= =1
2. lim Gy)=+4o0,i=1,...,J

L N ]
=2 TRANSP-OR —c.-ﬂwﬂ-.u

FEDIRALE DE
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MEV models

Example: G(y) = S0, (575 007)
3.

1=1
B9
J Hm
0°G —1 -1, M -
Ko Hm m
= [hmY; " Y (— —1) Y; <0
ayzyj J Hm ;

$ .
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MEV models

e The logit model is a MEV model
e The nested logit model is also a MEV model

o

M Jm Hm
-3 (L)
m=1 1=1
o If Mim < 1, then G complies with the theory

e Are there other such models?
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Cross-Nested logit model

e MEV model with

M priemy
G(yla R ayJ) — S: <S:(O‘jm1/uyj)'um> )
m=1 7

with ,U/Lm <1, ajm >0,and Vj, Im s.t. ajp, >0

e Generalization of the nested-logit model
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Nested L ogit M ode

Public Private

Bus Train Car Ped. Bike
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Nested L ogit M ode

Unmotorized

Bus Train Car Ped. Bike
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Cross-Nested L ogit Modéel

Nest 2

Bus Train Car Ped. Bike

) — A
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Cross-Nested Logit Model

W

M (Z aﬁbm/“eﬂmvj)m P [ 1 Vi
Z C . b Vi

— M pnlt g Vi) EY o o V;
=t S (el Mern Vi) ™ 2ugec M

which can nicely be interpreted as

P(ilC) = Y ~ P(m|C)P(i|m).
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MEV models

e Provide a great deal of flexibility
e Require significant imagination

e Require heavy proofs
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Network MEV

Daly & Bierlaire (2006)

Motivations:
e Extension of the tree representation for Nested Logit
e Investigate new MEV models
e Provide the proof once for all
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Network MEV

Let (V, &) be a network with link parameters o; ;) > 0
Assumptions:

1. No circuit.

2. One node without predecessor: root.

3. J nodes without successor: alternatives.

4. For each node v;, there exists at least one path from the root to
vi such that [T,_, o, .i0) > 0.
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Network MEV

Vo

Uy Vs

U1 (%) U3
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Network MEV

For each node v;, we define
» asetofindices I; C {1,...,J} of J; relevant alternatives,
» a homogeneous function G* : R/ — R, and
» a parameter ;.
Recursive definition of I;:
e [, = {i} for alternatives,
o I; = U, csuccq I; for all other nodes.
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Network MEV

Recursive definition of G*:

For alternatives:

G : R—R : Gy)=yl" i=1,...,J

For all others:

Gt . R —R : Gy = Z )G (y) "
7€SUCC(3)

Theorem
If all G’ (y) are MEV generating functions, so is G*
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Network MEV

o
Example: Cross—'Nested Loglt » G=)Y (S: ajmyjm>
Zi:4,5 aoi (" + cugyy’ + auzyy’) v mo\JEC
as1y1° + asayy” + as3ys®
yi“ Y y§3
L N l
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Summary

e Need to relax the independence assumption
e Probit

e MEV family

e CNL
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