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Choice of Residential Telephone Services Case

Estimation of a Nested Logit ModelFiles to use with BIOGEME:Model �le: GEV Tel NL unrestri
ted.modData �le: telephone.datThe appli
ation of the IIA M
Fadden test in the 
ase study on spe
i�
ationtesting revealed that the IIA assumption does not hold between the SM andBM alternatives and does not hold among the EF, LF, and MF alternativesas well. We start by giving some examples of possible nesting stru
turesfor the Nested Logit (NL) model in Figure 1.The sample model �le des
ribes the �rst nesting stru
ture shown in Fig-ure 1. The expressions of the utilities for this simple NL model are
VBM = ASCBM + βcost ln(costBM)

VSM = βcost ln(costSM)

VLF = ASCLF + βcost ln(costLF)

VEF = ASCEF + βcost ln(costEF)

VMF = ASCMF + βcost ln(costMF).We show a snapshot of the BIOGEME 
ode in Figure 2. In the �rst 
olumn,we write the name of the nest and in the last 
olumn the alternatives thatbelong to it. Here the alternative numbers must 
orrespond to those usedin the utility fun
tion under the 
olumn ID. The estimation results of theNL model are shown in Table 1.To be 
onsistent with random utility theory, the inequality µ

µm
< 1 with µbeing normalized to 1 implies µm > 1. To see if this is the 
ase here, we 
antest the null hypothesis H0 : µmeas = µflat = 1. Sin
e there are multiplerestri
tions here, we 
annot do multiple t-tests. We should do a likelihood1
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tures

[NLNests]

// Name paramvalue LowerBound UpperBound status list of alt

N_MEAS 1.0 1.0 10.0 0 1 2

N_FLAT 1.0 1.0 10.0 0 3 4 5Figure 2: BIOGEME snapshot2
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NL with generic attributesParameter Parameter Parameter Robust Robust Robustnumber name estimate standard error t stat. 0 t stat. 11 ASCBM -0.378 0.117 -3.222 ASCLF 0.893 0.158 5.643 ASCEF 0.847 0.391 2.174 ASCMF 1.41 0.238 5.905 βcost -1.49 0.243 -6.126 µmeas 2.06 0.573 3.60 1.867 µflat 2.29 0.764 3.00 1.69

Summary statisticsNumber of observations = 434

L(0) = −560.250

L(β̂) = −473.219�ρ2 = 0.143 Table 1: NL with generi
 attributesratio test as follows. The test statisti
 for the null hypothesis is given by
−2(LR − LU) = −2(−477.557 + 473.219) = 8.676where the restri
ted model is the MNL model (MNL Tel generi
.mod)and the unrestri
ted model is the nested logit model. The test statisti
 isasymptoti
ally χ2 distributed with 2 degrees of freedom sin
e there are 2restri
tions. Sin
e 8.676 > 5.991 (the 
riti
al value of the χ2 distributionwith 2 degrees of freedom at a 95 % level of 
on�den
e), we reje
t the nullhypothesis (MNL model) and a

ept the nested logit model.The µm's of the two nests 
an be set equal to ea
h other too. This 
an bedone in two ways. One way is to keep the µm's �xed to 1 and estimate µ(the related BIOGEME 
ode is shown in Figure 3).Alternatively, we 
an also 
onstrain the two nest 
oeÆ
ients to be equalwhile keeping µ �xed to 1 (Figure 4).3
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[Mu]

// Value LowerBound UpperBound Status

+1.0000000e+00 +0.0000000e+00 +1.0000000e+00 0

[NLNests]

// Name paramvalue LowerBound UpperBound status list of alt

N_MEAS 1.0 1.0 10.0 1 1 2

N_FLAT 1.0 1.0 10.0 1 3 4 5Figure 3: BIOGEME snapshot
[NLNests]

// Name paramvalue LowerBound UpperBound status list of alt

N_MEAS 1.0 1.0 10.0 0 1 2

N_FLAT 1.0 1.0 10.0 0 3 4 5

[ConstraintNestCoef]

// List of pairs of nests for which the associated

// coefficients must be constrained to be equal

// Syntax: COEF_NEST_A = COEF_NEST_B

N_MEAS = N_FLAT Figure 4: BIOGEME snapshot
4



5The estimation results for this last spe
i�
ation are shown in Table 2.
NL with linear constraintsParameter Parameter Parameter Robustnumber name estimate standard error t stat. 0 t stat. 11 ASCBM -0.368 0.110 -3.352 ASCLF 0.882 0.167 5.293 ASCEF 0.833 0.398 2.094 ASCMF 1.39 0.251 5.515 βcost -1.50 0.257 -5.836 µmeas 2.16 0.519 4.17 2.247 µflat 2.16 0.519 4.17 2.24

Summary statisticsNumber of observations = 434

L(0) = −560.250

L(β̂) = −473.288�ρ2 = 0.145Table 2: NL with linear 
onstraint on nest parameters
Estimation of a Cross-Nested Logit Model with Fixed

AlphasFiles to use with BIOGEME:Model �le: GEV Tel CNL �x.modData �le: telephone.datIn this se
tion and the next one, we spe
ify two di�erent Cross-Nested Logit(CNL) models using both �xed and variable degrees of membership. Themajor premise here is that su
h spe
i�
ations are mainly for demonstra-tion purposes. However, an assumption that might make sense is that thestandard measured alternative (SM) is likely to be 
orrelated with both5
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turemeasured and 
at options. Indeed, if we look at its de�nition, it turnsout that it may belong to both nests, having also a �xed monthly 
harge.Based on this hypothesis, the proposed 
ross-nested stru
ture is shown inFigure 5.We present the CNL model with the same deterministi
 utility fun
tions asin the previous model. The 
orresponding snapshot from the BIOGEME
ode for this 
ross-nesting spe
i�
ation is shown in Figure 6.Note that we de�ne αCNL so that the SM alternative belongs equally toboth the 
at and the measured nests. This assumption will be relaxed inthe next se
tion. Thus, CNL with �xed α's is a restri
ted model of CNLwith variable α's. The estimation results are shown in Table 3.

Cross-Nested Logit Model with Variable AlphasFiles to use with BIOGEME:Model �le: GEV Tel CNL var.modData �le: telephone.datIn the previous CNL model, we assumed that the SM alternative belongsequally to the measured nest and the 
at nest by �xing αSM meas and
αSM flat to be equal to 0.5. This assumption 
an be relaxed, and we 
an6



7
[CNLNests]

// Name paramvalue LowerBound UpperBound status

N_MEAS 1.0 1 10 0

N_FLAT 1.0 1 10 0

[CNLAlpha]

// Alt Nest value LowerBound UpperBound status

BM N_MEAS 1 0 1.0 1

SM N_MEAS 0.5 0 1.0 1

SM N_FLAT 0.5 0 1.0 1

LF N_FLAT 1 0 1.0 1

EF N_FLAT 1 0 1.0 1

MF N_FLAT 1 0 1.0 1Figure 6: BIOGEME snapshot
CNL estimation resultsParameter Parameter Parameter Robust Robust Robustnumber name estimate standard error t stat. 0 t stat. 11 ASCBM -0.791 0.0769 -10.282 ASCLF 0.460 0.241 1.913 ASCEF 0.405 0.393 1.034 ASCMF 0.845 0.329 2.575 βcost -1.21 0.311 -3.916 µmeas 3.14 1.18 2.66 1.817 µflat 2.36 1.14 2.08 1.19

Summary statisticsNumber of observations = 434

L(0) = −560.250

L(β̂) = −474.429�ρ2 = 0.141 Table 3: CNL estimation results7



8estimate the share of SM in ea
h nest during the estimation of the modelparameters. The 
orresponding BIOGEME snapshot is shown in Figure 7.From the results presented in Table 4, we see that the alternative SM hasa very small share in the 
at nest.We also want to underline the fa
t that in both CNL spe
i�
ations the
ondition ∑

m

αjm = 1has been imposed. Su
h a 
ondition is not ne
essary for the validity ofthe model. It is imposed for identi�
ation purposes. We refer the interestreader to ? for more theoreti
al details.To sele
t between the nested logit and CNL model with variable α's, we 
antest the null hypothesis H0 : αSM flat = 0. Sin
e there is a single restri
tion,we 
an use either a t-test or a likelihood ratio test whi
h are asymptoti
allyequivalent. The t-statisti
 with respe
t to 0 is 0.00, whi
h indi
ates that
αSM flat is not signi�
antly di�erent from 0, and hen
e we a

ept the nullhypothesis (nested logit model) and reje
t the CNL model with variable
α's.We 
an also do a likelihood ratio test as follows. The test statisti
 for thenull hypothesis is given by

−2(LR − LU) = −2(−473.219 + 473.219) = 0.000where the restri
ted model is the nested logit model and the unrestri
tedmodel is the CNL model. The test statisti
 is asymptoti
ally χ2 distributedwith 1 degree of freedom sin
e there is 1 restri
tion. Sin
e 0.000 < 3.841(the 
riti
al value of the χ2 distribution with 1 degree of freedom at a 95% level of 
on�den
e), we a

ept the null hypothesis (nested logit model)and reje
t the CNL model with variable α's. We 
an thus 
on
lude thatthe SM alternative is 
orrelated only with the measured nest but not withthe 
at nest.To sele
t between the CNL model with �xed α's and the CNL model withvariable α's, we 
an test the null hypothesis H0 : αSM flat = 0.5. Sin
e thereis a single restri
tion, we 
an use either a t-test or a likelihood ratio test8



9whi
h are asymptoti
ally equivalent. The t-statisti
 with respe
t to 0.5 is-0.58, whi
h indi
ates that αSM flat is not signi�
antly di�erent from 0.5,and hen
e we a

ept the null hypothesis (CNL model with �xed α's) andreje
t the CNL model with variable α's.We 
an also do a likelihood ratio test as follows. The test statisti
 for thenull hypothesis is given by
−2(LR − LU) = −2(−474.429 + 473.219) = 2.420where the restri
ted model is the CNL model with �xed α's and the un-restri
ted model is the CNL model with variable α's. The test statisti
is asymptoti
ally χ2 distributed with 1 degree of freedom sin
e there is 1restri
tion. Sin
e 2.420 < 3.841 (the 
riti
al value of the χ2 distributionwith 1 degree of freedom at a 95 % level of 
on�den
e), we a

ept the nullhypothesis (CNL model with �xed α's) and reje
t the CNL model withvariable α's.Sin
e both the nested logit model and the CNL model with �xed α's arepreferred to the unrestri
ted model (CNL model with variable α's), wesele
t the nested logit model be
ause it has a higher �ρ2 than the CNLmodel with �xed α's (0.143 vs. 0.141).

9
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[CNLNests]

// Name paramvalue LowerBound UpperBound status

N_MEAS 1.0 1 10 0

N_FLAT 1.0 1 10 0

[CNLAlpha]

// Alt Nest value LowerBound UpperBound status

BM N_MEAS 1 0 1.0 1

SM N_MEAS 0.5 0 1.0 0

SM N_FLAT 0.5 0 1.0 0

LF N_FLAT 1 0 1.0 1

EF N_FLAT 1 0 1.0 1

MF N_FLAT 1 0 1.0 1Figure 7: BIOGEME snapshot
CNL with αCNL variableParameter Parameter Parameternumber name estimate standard error t stat. 0 t stat. 11 ASCBM -0.379 0.863 -0.442 ASCLF 0.893 0.872 1.023 ASCEF 0.847 0.938 0.904 ASCMF 1.41 0.894 1.575 βcost -1.49 0.257 -5.806 µmeas 2.06 0.575 3.59 1.857 µflat 2.29 0.640 3.58 2.028 αSM meas 1.00 0.855 1.17 0.009 αSM flat 0.000415 0.855 0.00 -1.17

Summary statisticsNumber of observations = 434

L(0) = −560.250

L(β̂) = −473.219�ρ2 = 0.141 Table 4: CNL αCNL variable10


