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L ogit

e Random utility:
e ¢, Isli.d. EV (Extreme Value) distributed

e c;, IS the maximum of many r.v. capturing unobservable
attributes, measurement and specification errors.

e Key assumption: Independence
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Relax the independence assumption

Uln Vln Eln
— : +
an VJ’n EJn
that is
Uu, =V, +¢e,

and ¢,, Is a vector of random variables.

Assumption about the random term:
multivariate distribution
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Relax the independence assumption

A multivariate random variable ¢ is represented by a density function

fler,...,eg)
and

Pe<ay= [ [ fe)dey ... de
[.].

where z € R’ is a J x 1 vector of constants.
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Probit modd

e Multivariate normal variable N (u, )
e ucR/

o ¥ c R/*/, definite positive

e Density function:

fle) = (2m)~F [z Rem2EmTE e
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Probit modd

Example: trinomial model

U1 = V1 —|—€1
U2 = VQ —|—€2
U3 = V3 +83

and e ~ N(0,%). We have P(2) = P(U; - U <0 i=1,2,3)

U —Uz = Vi —=Vo+e1 —e9
Us — Us Vi3 —Vo+e3—69
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Probit modd

Matrix notation with

A22(1 1 0)
0 -1 1

Uy — Us 7
AU = ~ N(AV. AySA
2 <U3U2> (A2V, AgXiA; )
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Probit modd

In general, we have
AU ~ N(A;V, AjSAD)

and P(i) =

with

1

F(Ae) = (2m) 2| ASAT | "2 2 (Riem AV T (AZAD) T (A=A V)
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Probit modd

e The integral of the density function has no closed form

e In high dimensions, numerical integration is computationally
Infeasible

e Therefore, the probit model with more than 5 alternatives is
very difficult to use in practice
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Relax the independence assumption

e If the CDF F'(e4,...,e ) of the distribution is known

0’ F
flenes) = g p (et he)
e The choice probability is
P(i) = PWVi+e1<Vit+e,...,.Vi+er<Vi+e)

= PlEe1<Vite—Vi,...,eg <Vi+e —Vy)

— / Fi(%“"gi_Vla-'wgi)"'a‘/i_'_gi_VJ)dS’i

Eg——0C

where F; = (‘9}7/88Z
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Relax the independence assumption

Operational solutions:

e Generalize the logit: the Nested Logit model

e Consider a multivariate distribution such that F' is known: the
Multivariate Extreme Value model
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Nested logit model

e Alternatives within a nest share a random term
e Random utility of alt. 7 in nest C,,

U=Vite=Vi+temn+eEm

e Assume that ¢,, are independent across m
e ¢, are i.l.d. EV with scale param. p,, for each m
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Nested logit model

Assume that the nest m is given.

P(ilm) = P(U;>Ujj € Cu)
— P(‘/;+€m+€zm2‘/}‘|‘5m+€gm7]GCm)
= P(Vi+eim >Vj+¢ejm,j€Cn)

Then we have a logit model:

eﬂm‘/i

ZjECm e,UJmVj

P(ilm) =
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Nested logit model

What is the probability of choosing nest C,,,?

P(m) = P(max U; > max Uj, vk # m) =

P(em + max (V; + €im) > €, + max(V; +€x), Vk # m)

1€Cm jEC’k
Note that V; + €, IS EV(V;, um ). Therefore
rélgx (V:L + 57Lm) ~ EV(Vm, Mm)

where

~ 1
Vin = — 1n Z eHm Vi
Hm i€Ch,

See prop. 7, page 105, chap. 5
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Nested logit model

We write the random variable

max (V; + €im) = Vip + €/,
i€Ch,

Therefore,

P(m) = Plegm+Vp+e, >cn+Vi+e,, Vk#m)

= P(Vy +E&m > Vi + &, Vk # m)

Looks familiar, doesn’t it?
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Nested logit model

P(m) = P(Vyy + ém > Vi + &1, Vk # m)
Assume that £, ~ EV(0, ). Then

ehVm

B Zk eMVk

P(m)
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Nested logit model

Putting everything together:

e,UJm‘/z' e,uvm

P(i) = P(ilm)P(m) = > e emVi 3 onti

with

Vi, = Iuimln Z ehm Vim

1€Chy,
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Nested logit model

Advantages
e Nest partitioning is an intuitive concept
e Direct extension of logit
e Closed form of the model
Drawbacks
e Limited correlation structure
e What is the actual density function f(e)?
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MEV models

Family of models proposed by McFadden (1978) (called GEV)
Idea: a model is generated by a function

G:R] >R,

From G, we can build
e The cumulative distribution function (CDF)
e The probability model
e The expected maximum utility
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MEV models

1. G is homogeneous of degree i > 0, that is
Glay) = o'G(y)

2. lim G(yi,...,yi,...,y5) = 4oo,foreachi=1,...,J,

3. the kth partial derivative with respect to £ distinct y; is non
negative if k£ is odd and non positive if £ Is even, i.e., for all
(distinct) indices iy, ...,i, € {1,...,J}, we have

OFG

(—1)"

(y) <0, Vy € Ri'
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MEV models

e CDF: F(Ely . EJ) e—G(e_El,...,e—EJ)

e Probability: P(i|C) = —¢—— - with G; = §-. This

IS a closed form

e Expected maximum utility: Vo = =% where « is Euler's
constant.

e Note: P(i|C) = %<
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MEV models

Euler's constant

+o0 n
7:—/ e “Inzdr = lim < 1nn>
0 n—oo
k=1

| =

I — I
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Proofs

We show first that
Fler o ey) = oGl e™™)

defines a multivariate CDF
e [ goes to zero when one ¢ goes to —oc

— —€1 +OO —&J
F(gl,---7_007...78J) p— e G(e 7"'76 7---,6 )

B—G(e_’sl yerey 00,7 ET)

— 00

e
0

$ .
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Proofs

F(ei,...,e5)=c¢€

e F goestoone when all £ go to 400

F(+OO, . —|—OO) _ e—G(e_OO ,,,,, e™ )

.
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Proofs

F(e1,...,eq) = e Gle ™)
e The function
0’ F
el — : : >0
f(€1> €J) er - (51 5.])

so that it defines a PDF

.
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Proofs

Define recursively

Q1 = G1=0G/0y1>0
Qr Qr-1Gr — 0Qk—1/0yx

We show recursively that all (signed) terms of ), are > 0
Assume it true for Q_1

Qr—1 = ka—Qsz—i\_an—Q/ayk—lj

>0 >0

As G = 0G /0y, > 0, we have

Qr—1Gr >0
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Proofs

Qr—1 = \Qk—ZGk—lj:an—Q/ayk—i

>0 >0

0Qk—1/0yr = O0Qr—2/0yr Gr_1
+ Qr—2 0Gr_1/0ys
— 52Qk—2/ayk—1ayk

By assumption, each increase of the order of derivatives imposes a
change of sign, so that

0Qr—1/0yr <0

Therefore
Qr = Qr—1Gr—1 —0Qk_1/0yk

~~ ~~

>0 >0
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Proofs

F(gla . ,EJ) — e_G(e_gl,...,e_sJ)
We show recursively that

0’ F

:6_81...6_€JQJFZO
851"'5]

By direct derivation, we have

OF
— — 6_€1G1F = 6_61Q1F
(981
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Proofs

For 1 < k <= J, assume that

" F
— e ... e_gk_le_lFZ 0
Oel - Ep_1
Define y; = e~
ok F 0 , . P Yk
— - — 1 F) ==
881 Lk 8yk (e c Qk ! ) 85k
_ _ 0Qr—1 oOF 8G) a
— €1 ... €k—1 F o _p Ek
e e ( Do + Qk LG B (—e™"F)
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Proofs

ok F

Oeq - -

“Z TRANSP-OR

€k

.. .e_sk—l 8Qk_1

F I P
oun + Qg LG oun

e Ek—1 0Qk—1 OF 3G> (—e k)

2ELE - Qua(~F)GL ) (—e )

e Ek—1p—Ck (Qk—leF _ 9@k F)

Oy,

. e e_sk—l e_sk QkF
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Proofs

Marginal distributions for i

F(gla c e ,EJ) — G_G(e_sl,...,e_EJ)

ei— 400, Vj#£i F = e GOme .0

— e MEiG(0,...,1,...,0)

QN O a® O

—ae HEi

_e—,usi—l—ln «@

This is an extreme value distribution

F'Is a multivariate extreme value distribution
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Proofs

F(gla “ e ,€J) — e_G(e_gl,...,e_sJ)

Fi — e ¢! G@F

Probability of the first alternative

—+o0
P(1) = / Fi(e1,Vi—Va+er,...,. Vi =V +e1)de

1=

400
— / 6_81
E1=——"0C0

G (6—61 : €—V1+V2—81’ o 6—V1—|-VJ—81)

e—G(e_El e~ VitVa—er o= VitVy—el)

d81

J: .
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Proofs

e G is homogeneous of degree 1 (o = e~ V17%1)

G(€_51 6—V1+V2—€1 e_V1+VJ_51)
; y e

°

e rVite) Qe eV2, .. V)
e_M(V1+51)G

e (71 Is homogeneous of degree u — 1

Gl (6_81,6_V1+V2_81 e_V1+VJ_51)

9 0 0 oy

= e rMite)Vitai eV eV2 YY)
(Vv 1%
— e pNitea)Viterq,
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Proofs

400
P(l) o / 6_51 e_M(V1—|-€1)6V1—|—51 Gle_Ge—u(Vl—f—sl)dgl
g

1=—00

oo (Vi+er)
— _ —Rp{V1TE]
€V1G1/ e H(Viter)—Ge deq
g

1=—00

t =—e MVimreL gt = pe PV
1 Y eV1G
= eVlGl—/ elCdt = —
1) oo pG
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Proofs

P() eViG;(eV1,ev2, ... eV)
1) =
pGevievz ... eVr)

Euler's theorem: uG(y1,...,ys) = >.7_, 4;G;

6V7;—|—1n Gi(evl eV2 ,...,eVJ)

- S eViHn Gy (e eV )

I .
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Proofs

Expected maximum utility V¢
e Notation:

(=)

(505 =

2
e For each realization of ¢, there is one ¢ which corresponds to
the maximum utility

e If i Is the maximum utility, the EMU is

- / (Vi + ), (Vi + &1 — V}),) de,

. =00
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Proofs

e Note a = G({(e"7);)
e We have I, = e G, F

E((Vi+e—Vy);) =
. V—e . - G_Vi_€i+vj '
e i@, (<6 Vi—eit+Vj >]) 6( G(( >J)) —

e i~ (k=DVite) g (<6Vj>j) o7 ViTEIG ("))

G—M(Vi—l—ei)evi G, (<€Vy >]) e—ae_“(vi"'ai)

I (|
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Proofs
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Proofs

J oo
Vo = Z/ we FeViq, ((evj >3) e~ " dw =
i=1 Jw=—00
Euler's theorem: ) "e"iG; = uG = pa

(©.)
— — —Hw
Ve :/ we HYpae” ¢ dw
W=—00

E .
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Proofs

(©.)
_ _qe— MW
Ve :/ we HYpae” ¢ dw

w=—00

1
t=ae M dt = —pae "dw w= —(Ina —Int)
v

1 [0
Vo =—— / (Ina — Int)e tdt =
t=—+o0

R 1 oo
——/ Inte tdt + —lna/ e tdt
M Ji=0 M t=0

B v+ 1Ina _ 7+lnG(<erf>j)
p p

J: .
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MEV vs GEV

e McFadden introduces the General Extreme Value model (GEV)

e In statistics, a Generalized Extreme Value distribution
(Jenkinson, 1955) is a univariate distribution with CDF

( e—(1_|_£((x_u)/o-))_1/£) —o0 < x S U — O—/€ 'foré= <0
Fx () = { p—o/f <x<oo foré >0

e (@—p)/o

e —00 < T < 0 foré6 =0

\

¢ =0 Type 1EV distribution
e ¢>0 Type?2EV distribution
£ <0 Type 3 EV distribution
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MEV models

Example: G(y) = 37, o

=1 yz

G complies with the theory
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MEV models

Example: G(y) = Z;-le Yy

Product of i.i.d EV
Logit Model

E .
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MEV models

Example: G(e"1,...,e"7) =37 eV

eVitInG; (eV1,....eV7)

. : —1
PU) = e Wi Gu(e) = st
J

eVi—i—ln Gi(eV1,....eVT) 6Vi—i—ln,u—i—(,u—l)ln eVi

eln p+pVi

eln p+pVi eMVi

o Zje(] eln p+puV; = Zje(] eHVi

E .
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MEV models

Example: G(eV1,...,e"7) =37 erVs

Remember t

ne

ormu

ation?

I
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MEV models

Example: Nested logit

M [ Jm e
-3 (S)
m=1 1=1
M [ Jm prren M [ Jn prren
1. Glay) = (Z(ayi)”m> =ty <S: Ys m)
m=1 \i1=1 m= =1
2. lim Gy)=+4o0,i=1,...,J

L N ]
=2 TRANSP-OR —c.-ﬂwﬂ-.u

FEDIRALE DE
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MEV models

Example: G(y) = S0, (575 007)
3.

1=1
B9
J Hm
0°G —1 -1, M -
Ko Hm m
= [hmY; " Y (— —1) Y; <0
ayzyj J Hm ;

$ .
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MEV models

e The logit model is a MEV model
e The nested logit model is also a MEV model

o

M Im Hm
-3 (L)
m=1 1=1
o If Mim < 1, then G complies with the theory

e Are there other such models?

I (L
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Cross-Nested logit model

e MEV model with

M priemy
G(yla R ayJ) — S: <S:(O‘jm1/uyj)'um> )
m=1 7

with ,U/Lm <1, ajm >0,and Vj, Im s.t. ajp, >0

e Generalization of the nested-logit model

E . (|
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Nested L ogit M ode

Public Private

Bus Train Car Ped. Bike

) — A
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Nested L ogit M ode

Unmotorized

Bus Train Car Ped. Bike

E (G
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Cross-Nested L ogit Modéel

Nest 2

Bus Train Car Ped. Bike

) — A
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Cross-Nested Logit Model

W

M (Z aﬁbm/“eﬂmvj)m P [ 1 Vi
Z C . b Vi

— M pnlt g Vi) EY o o V;
=t S (el Mern Vi) ™ 2ugec M

which can nicely be interpreted as

P(ilC) = Y ~ P(m|C)P(i|m).

E . (|
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MEV models

e Provide a great deal of flexibility
e Require significant imagination

e Require heavy proofs
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Network MEV

Bierlaire (2002), Daly & Bierlaire (2006)

Motivations:
e Extension of the tree representation for Nested Logit
e Investigate new MEV models
e Provide the proof once for all
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Network MEV

Let (V, &) be a network with link parameters o; ;) > 0
Assumptions:

1. No circuit.

2. One node without predecessor: root.

3. J nodes without successor: alternatives.

4. For each node v;, there exists at least one path from the root to
vi such that [T,_, o, .i0) > 0.

£ (L
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Network MEV

Vo

Uy Vs

U1 (%) U3

E (L
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Network MEV

For each node v;, we define
» asetofindices I; C {1,...,J} of J; relevant alternatives,
» a homogeneous function G* : R/ — R, and
» a parameter ;.
Recursive definition of I;:
e [, = {i} for alternatives,
o I; = U, csuccq I; for all other nodes.

E (L
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Network MEV

Recursive definition of G*:

For alternatives:

G : R—R : Gy)=yl" i=1,...,J

For all others:

Gt . R —R : Gy = Z )G (y) "
7€SUCC(3)

Theorem
If all G’ (y) are MEV generating functions, so is G*

k . (|
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Network MEV

o
Example: Cross—'Nested Loglt » G=)Y (S: ajmyjm>
Zi:4,5 aoi (" + cugyy’ + auzyy’) v mo\JEC
as1y1° + asayy” + as3ys®
yi“ Y y§3
L N l
“Z TRANSP-OR _!m-(:n!wfu:l[-FM
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Network MEV

Similar idea: Daly (2001) Recursive Nested EV Model
Advantages :

» Easy to design
» No more proof necessary
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Summary

e Need to relax the independence assumption
e Probit

e Nested logit

e MEV family

e CNL
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