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Red bus/Blue bus paradox

e Mode choice example

e Two alternatives: car and bus

e There are red buses and blue buses
e Car and bus travel times are equal: T
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Red bus/Blue bus paradox

Model 1
Uar = BT + ecar
BT + epys

&
c
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Therefore,

BT
P(car|{car,bus}) = P(bus|{car,bus}) = 66T€+ 7 = %
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Red bus/Blue bus paradox

Model 2
Ucar = BT + ecar
Ubluebus = B1 + €blue bus
Uredbus = BT + €red bus

GBT
P(car|{car,blue bus,red bus}) =

P(car|{car, blue bus, red bus}) \
P(blue bus|{car, blue bus, red bus})

P(red busl|{car, blue bus, red bus})

ePT 4 ePT 4 efT
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Red bus/Blue bus paradox

e Assumption of logit: ¢ i.i.d

® cpiue bus ANd greq pus CONtain common unobserved attributes:
fare

headway

comfort

convenience

etc.
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Capturing the correlation

Bus Car

Blue Red
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Capturing the correlation

If bus Is chosen then

Ubluebus =  Vblue bus 1 Eblue bus
Uredbus = Vied bus + Ered bus

where Viue bus = Vied bus = BT

GBT

P(blue bus|{blue bus,red bus}) = BT 4 BT = %
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Capturing the correlation

Car

Blue Red
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Capturing the correlation

What about the choice between bus and car?

Ucar = BT + ccar
Ubus = Vbus + €bus
with
Vous = Vbus(Vblue buss Vred bus)
?

™
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Define V,ys as the expected maximum utility of red bus and blue bus
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Expected maximum utility

For a set of alternative C, define

Ue = max U; = max(V; + ¢;)

1eC 1eC
and
Ve = E|U¢]
For logit
E 1 pVi
[I?eaéx U] n ; e +
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Expected maximum utility

_ 1 Vi Vi
VbUS = o ]n(eﬂb blue bus | oHb Vred bus)

— ﬁ In(ervBT 4 eroBT)

_ 1
— ﬁT"‘Ean

where u, Is the scale parameter for the logit model associated with
the choice between red bus and blue bus
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Nested L ogit M ode

Probability model:

eﬂ‘/car GMBT

P(car) = =
( ) et Vear + et Vous ehBT + 6NBT+MLb In 2

If n =y, then P(car) = 3 (Model 2)
If iy, — oo, then L= — 0, and P(car) — 1 (Model 1)
Note for pu, — o

eNVbus — %eﬂvred bus + %eﬂvblue bus

1+ 2Ws
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Nested L ogit M ode

Probability model:

eluvbus 6’UJ6T+MLb In2 1

P(bus) = — —
( ) e,char + eﬂvbus G'LLBT + QMBT_FML() In 2 1 4+ 2—%

If u = 1, then P(bus) = £ (Model 2)
If L= — 0, then P(bus) — < (Model 1)
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Nested L ogit M ode
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Solving the par adox

|f % — 0, we have

P(red bus|bus
P(blue bus|bus
P(red bus
P(blue bus

“Z TRANSP-OR

P(red bus|bus) P(bus)
P(blue bus|bus)P(bus)

1/2
1/2
1/2
1/2
1/4
1/4
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Comments

e A group of similar alternatives is called a nest

e Each alternative belongs to exactly one nest

e The model is named Nested Logit

e The ratio u/u, must be estimated from the data
o 0< u/up <1 (between models 1 and 2)
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Derivation from random utility

e Let C be the choice set.
e Let(Cq,...,Cy be a partition of C.
e The model is derived as

P(ilC) = Y  Pr(ilm,C) Pr(m|C).

m=1
e Each i belongs to exactly one nest m.
P(i|C) = Pr(i¢|lm) Pr(m|C).
e Ultility: error components
U =V,+e, =Vi+em+cim.
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Derivation: Pr(i|m)

Pr(ilm) = Pr(U; >U;,j€Cp)
Pr(‘/z + Em T Eim > ij + Em —I'gjmaj S C'm)
— Pr(‘/z"i_gzm > ij""gjmaj ECm)

Assumption: e, i.i.d. EV(0, 1)

eMm Vi

Zjecm eﬂmv} .

Pr(ilm) =

E .
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Derivation: Pr(m|C)

Pr(m|C) = Pr (max U; > max U;, VI # m)

= Pr (5m + max(V; + €im) > €0 + max(V; +¢;4), YVl # m) :
1€Cm 1€Cy

As &;.,, are i.i.d. EV(0, i),

~

max(V; + im) ~ EV(Vins 1),

where
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Derivation: Pr(m|C)

Denote
max(V; + €im) = Vin + €,
1€Chp,
to obtain
Pr(m|C) = Pr(V,, + &, +em > Vi+e) + 0,V #m).
where
el ~EV(0, ).
Define
Em =+ Em,
to obtain

Pr(m|C) = Pr(Vy, + & > Vi + &4, V0 £ m).
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Derivation: Pr(m|C)

Assumption: &, 1.i.d. EV(0, u)

Pr(m|C) = Pr(Vy, + &p > Vi 4 &1, VL # m)

ehVm

Z;w:l e/ﬂ?p .

We obtain the nested logit model

PiC) = :

: K ,LLmV£

ZjECm elumVj 21]9\4:1 exp (L In ZKECP e:upVM?)

Hp
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Nested L ogit M ode

o If £ =1, for all m, NL becomes logit.

m

e Sequential estimation:
e Estimation of NL decomposed into two estimations of logit
e Estimator is consistent but not efficient
e Simultaneous estimation:
e Log-likelihood function is generally non concave
e No guarantee of global maximum
e Estimator asymptotically efficient
e Log likelihood for observation n is

In P(i,|Cr) = In P(iy|Criin) + In P(Cin |Ci)

where i,, IS the chosen alternative.
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Correation

Conr(Uy, U;) = — W ly) _ Covlem + imsEm & Ejm)
VVarUVarU;  /Var(e,, + im) Var(em, + €jm)

As Var ¢;,, = Vare,,,,, the denominator is Var(e,, + €;,,,) SO that

Vare,,
Corr(U;,U;) = Var(e,, - o).

e ¢ and ¢;,, have the same variance.
e ¢, +¢, ande,, + ¢;, have the same variance.

Var(e,, + €im) = Var(e,, +¢,,) = Varé,, = /67
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Correation

AS

Var(e,, + €im) = Vare,, + Varei, + 2 Cov(em, gim) = 7 /612,

we obtain
Vare,, = 7r2/6,u2 — Var e, —2Cov(em, Eim)-
Consequently

72 /6% — Vargim — 2 Cov(€m, Eim)

COI‘I‘(UZ', Uj) —

72 /612

— 1_ ™ /6ptey QCOV(Sm’sim)

N w2 /62 w2 /62
u? Cov(em, €im)

. e — l—— -2

.
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Correation

2
v
COI‘I‘(Uq;, U]) =1- E — 2 7_(_2/6’“2

Cov(em, Eim)

If = u,,, we have the logit model, and the correlation is O:

Cov(em,Eim) 0

COI‘I‘(UZ', Uj) = —2

72 /62
Therefore,
12
Corr(Us, Uj) =1 — —-.
Mo,

To obtain 0 < Corr(U;, U;) < 1, itis sufficient that

0<u<tly,, m=1,..., M.
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Correation

Correlation matrix is block diagonal:

COYI‘(UZ', Uj) — <

1 if i = 7,
qu

1 ——- Ifi#j,iand jare in the same nest m,
Hom

0 otherwise.

Variance-covariance matrix is block diagonal:

2

COV(UZ', UJ) = <

\

2
_ if . — .
7T2 7'('2 . .
— If i £ 4, ¢ and j are in the same nest m,
6u*  Gug,
0 otherwise.
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