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Red bus/Blue bus paradox

e Mode choice example

e Two alternatives: car and bus

e There are red buses and blue buses
e Car and bus travel times are equal: T
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Red bus/Blue bus paradox

Model 1
Uar = BT + ecar

BT + epus

5
c
0]

|

Therefore,

BT
P(car|{car,bus}) = P(bus|{car,bus}) = eﬁT€+ 7 = %
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Red bus/Blue bus paradox

Model 2
Uar = BT + ecar
Ubluebus = B1" =+ €blue bus
Uedbus = BT + €red bus

BT 1
€
P(car|{car, blue bus,red bus}) = AT BT L T = 3

P(car|{car, blue bus, red bus}) |
P(blue bus|{car, blue bus,red bus}) ¢ = 3
P(red bus|{car,blue bus,red bus}) |
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Red bus/Blue bus paradox

e Assumption of MNL: ¢ i.i.d

® cpiue bus ANd greg pus CONtain common unobserved attributes:
fare

headway

comfort

convenience

etc.
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Capturing the correlation

Car

Blue Red
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Capturing the correlation

If bus Is chosen then

Ubluebus =  Vblue bus 1 Eblue bus
Uredbus = Vied bus + Ered bus

where Vijue bus = Vied bus = 571

efT 1
P(blue bus|{blue bus,red bus}) = BT BT — 3
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Capturing the correlation

Car

Blue Red
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Capturing the correlation

What about the choice between bus and car?

Ucar = BT + €car
Ubus = Vbus + €bus
with
Vous = Vbus(Vblue bus> Vred bus)
= 7

Define Vs as the expected maximum utility of red bus and blue bus
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Expected maximum utility

For a set of alternative C, define

Uec = max U; = max(V; + ¢;)

1eC 1€C
and
Ve = E|U¢]
For MNL
uVi 4 1
E[r?e%x U] ln 262 e —|—
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Expected maximum utility

_ 1 Vi Vi
VbUS = o ln(eﬂb blue bus - b Vred bus)

— i In(etvBT 4 ervBT)

_ 1
— ﬁT‘FElHQ

where 1, IS the scale parameter for the MNL associated with the
choice between red bus and blue bus
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Nested L ogit M odél

Probability model:

e,uvcar e,uﬁT 1

P(car) = — —
( ) 6/~LVcar — e,uvbus GMBT + GMBT‘F% In 2 1 T 2,%)

If u = 1, then P(car) = 5 (Model 2)
If iy, — oo, then 2= — 0, and P(car) — * (Model 1)
Note for p, — o

eluvbus — %eﬂvred bus | %eﬂvblue bus
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Nested L ogit M odél

Probability model:

0
el'LVbuS e’uBT—i_,u—b In2

P(bus) = — T E T

e/vLVcar + eMVbus e/JJBT P

If v = uy, then P(bus) = % (Model 2)
If L — 0, then P(bus) — 1 (Model 1)
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Nested L ogit M odél
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Solving the par adox

| ﬁ — 0, we have

P(bus

P(red bus|bus
P(blue bus|bus
P(red bus
P(blue bus
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P(red bus|bus)P(bus)
P(blue bus|bus)P(bus)

1/2
1/2
1/2
1/2
1/4
1/4
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Comments

e A group of similar alternatives is called a nest

e Each alternative belongs to exactly one nest

e The model is named Nested Logit

e The ratio u/u, must be estimated from the data
o 0 < u/up <1 (between models 1 and 2)

) (|

- T RANSP'D E ECOLE POLYTECHMIQUE

FEDERALE DE LAUSAMME
Nested logit models — p.16/38




A case study

e Choice of a residential telephone service

e Household survey conducted in Pennsylvania, USA, 1984
e Revealed preferences

e 434 observations
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A case study

Availability of telephone service by residential area:

Adjacent to Other

Metro metro non-metro
area area areas
Budget Measured yes yes yes
Standard Measured yes yes yes
Local Flat yes yes yes
Extended Area Flat  no yes no
Metro Area Flat  yes yes no
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Multinomial L ogit M odel

C = {BM, SM, LF, EF, MF}

Vem = fBem + [Bc.In(costgy)
Vam = Psm + [cIn(costgy)
Vie = B + BcIn(costyr)
Ver = 0Ber + fcIn(costgr)
VvF B. In(costyr)
eVi
P(ilC) =
Zj eC evs
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Multinomial L ogit M odel
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Parameter MNL

Value (t-stat)
Ogm -2.46 (-7.84)
OBsm -1.74 (-6.28)
Bie  -0.54 (-2.57)
Beg  -0.74 (-1.02)
8. -2.03 (-9.47)

Lo -560.25

L -477.56

#Obs 434
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Nested L ogit M odél

Measured Flat

BM SM LF EF MF
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Nested L ogit M odél

Model of the choice among “measured” alternatives

eVi

eVem + eVsm

P(i| M) = i = BM,SM

We estimate the model with the 196 observations choosing either
BM or SM, and calculate the inclusive value

I = In(e"em 4 gVsm)

for all observations (scale normalized to 1)
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Nested L ogit M odél

Parameter MNL Measured
Value (¢-stat) Value  (¢-stat)
Bem  -2.46  (-7.84)
Bsm -1.74  (-6.28) 0.76 (4.53)
B -0.54  (-2.57)
Ber  -0.74  (-1.02)
B. -2.03 (-9.47) -3.12 (-4.76)
Ly -560.3 -135.9
L -477.6 -116.8
# Obs 434 196
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Nested L ogit M odél

Model of the choice among “flat” alternatives

eVi

eViF + eVEF + eVF

We estimate the model with the 238 observations choosing LF, EF
or MF and calculate the inclusive value

P(i|M) = i = LF, EF, MF

Ir = ln(evLF 4+ e VEF T GVMF)

for all observations (scale normalized to 1)
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Nested L ogit M odél

Parameter MNL Measured Flat
Value (t-stat) Value (¢-stat) Value  (¢-stat)
Bem  -2.46  (-7.84)
Bsm -1.74  (-6.28) 0.76 (4.53)

Bie -0.54  (-2.57) -1.21 (-3.17)
Ber -0.74  (-1.02) -1.42  (-1.55)
B, -2.03 (-9.47) -3.12 (-4.76) -3.73 (-6.22)
L, -560.3 -135.9 -129.5
L -477.6 -116.8 -79.4
#Obs 434 196 238
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Nested L ogit M odél

Model of the choice of type of service

GM(BM‘FIM) eBnm+plm

PM) = _
( ) et(Brv+In) 4 enlr eBu+pln 4 eplr

eblr e F

P(F) — e,UJ(BM—'_IM) —|—€'MIF - eﬁM‘HJJM _|_6,LLIF

e [, and I are attributes of measured and flat, resp.

e Su = pufy and p are unknown parameters, to be estimated.
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Nested L ogit M odél

Parameter MNL Measured Flat Nested Logit
Value  (¢-stat) Value  (¢-stat) Value  (¢-stat) Value  (¢-stat)
OBeM -2.46  (-7.84)
BsM -1.74  (-6.28) 0.76 (4.53)
OLE -0.54 (-2.57) -1.21 (-3.17)
Ber  -0.74  (-1.02) -1.42  (-1.55)
Be -2.03  (-9.47) -3.12 (-4.76) -3.73  (-6.22)
B -2.32  (-5.67)
L4 0.43 (5.49)
Lo -560.3 -135.9 -129.5 -300.8
L -477.6 -116.8 -79.4 -280.4
# Obs 434 196 238 434
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Nested L ogit M odél

How to interpret the log-likelihood?
Assume that individual n has chosen alt. 7 in nest M.

P (i) = Po(i| M) P, (M)

Consider now all individuals choosing an alt. 7 in nest M

ZlnP ZlnP i| M) ZlnP £M+ZlnP (M)

For individuals choosing an alternative j in nest F', we have

ZlnP ZlnP i|F) +ZlnP F)=Le+) InPy(F)
- P
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Nested L ogit M odél

Therefore, we obtain that

L=Ly+ Lr+ LN
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Nested L ogit M odél

Parameter MNL Measured Flat Nested Logit
Value  (¢-stat) Value  (¢-stat) Value  (¢-stat) Value (t-stat)
OBeM -2.46  (-7.84)
BsM -1.74  (-6.28) 0.76 (4.53)
OLE -0.54 (-2.57) -1.21 (-3.17)
Ber  -0.74  (-1.02) -1.42  (-1.55)
Be -2.03  (-9.47) -3.12 (-4.76) -3.73  (-6.22)
B -2.32 (-5.67)
L4 0.43 (5.49)
Lo -560.3 -135.9 -129.5 -300.8 [-566.2]
L -477.6 -116.8 -79.4 -280.4  [-476.6]
# Obs 434 196 238 434
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Nested L ogit M odél

Which value of 3. should we use?
Measured: -3.12 (-4.76) or Flat: -3.73 (-6.22)
Equal 5.'s:
e Jointly estimate measured and flat models and constrain 3¢ to
be equal

e Declare “Measured” alternatives unavailable when a “Flat”
alternative I1s chosen, and vice versa.
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Nested L ogit M odél
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Parameter MNL Nested Logit
Value  (t-stat) Value  (t-stat)
OBM -2.46  (-7.84)

BsMm -1.74  (-6.28) 0.79 (4.80)
BLE -0.54 (-2.57) -1.07  (-3.49)
6= -0.74  (-1.02) -1.28  (-1.46)
Be -2.03  (-9.47) -3.47  (-8.01)
B -1.66  (-5.92)
L4 0.42 (5.85)

Lo -560.3 -566.2

L -477.6 -473.6

# Obs 434 434
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Nested L ogit M odél

Multinomial Logit:

Nested Logit:

P(BM) = P(BM|M)P(M)

GVBM e/BM +:U’IM

eVem + eVam eBmtulnv | eplr
eBr+u In(eVBM 4-¢VsM)

e VBM

eVBM_|_€VSM eﬁM—i—uln(eVBM—l—eVSM)_|_€,LL1n(eVLF—|—eVEF—I—eVMF)

) P

-
PRANSF-OR SRS

Nested logit models — p.33/38




Nested L ogit M odél

Let u=1

P(BM)
e
eVem + eVam  ofn+In(eVBMte¥sM) 4 cln(e'iF +eVEF feVMF)

Vem eBm +1n(e"BM4eVsm)

e VBM eBm (BVBM T eVSM)

eVem + eVsm efBum (GVBM + eVSM) 4+ eViF 4+ eVEF + eViuF

e VBM
eVBM 1 eVsM L eVIF—PM L eVEF—PM L eVMF—PM
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Nested L ogit M odél

Ingeneral, if C =J,,_; 1 Cm,

ch d P(C,,[C) S
an —
2_jec etm Vi " D ke1...m €

P(Z‘Cm) —

where

1
VI =—In Z (etm Vi)

Hm i€Com,

When Mim = 1, for all m, NL becomes MNL
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Simultaneous estimation

Note that each 7 belongs to exactly one nest m i.e. the C,,’s do not overlap
The log-likelihood for observation n is

In P(i,|Cr) = In P(iy|Crrin) + In P(Cinn |C)

where i,, IS the chosen alternative.
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Simultaneous estimation

Seguential estimation:
e Estimation of NL decomposed into two estimations of MNL

e Estimator is consistent but not efficient

Simultaneous estimation:
e Log-likelihood function is generally non concave

e No guarantee of global maximum
e Estimator asymptotically efficient
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Simultaneous estimation

Parameter MNL Seq. Nested Logit  Sim. Nested Logit
Value  (¢-stat) Value (t-stat) Value (t-stat)
OBeM -2.46  (-7.84) -3.79 (-6.28)
Bsm -1.74  (-6.28) 0.79 (4.80) -3.00 (-5.32)
OLE -0.54 (-2.57) -1.07 (-3.49) -1.09 (-3.57)
Ber  -0.74 (-1.02)  -1.28 (-1.46)  -1.19  (-1.41)
Be -2.03  (-9.47) -3.47 (-8.01) -3.25 (-6.99)
B -1.66 (-5.92)

L4 0.42 (5.85) 0.46 (4.17)

Lo -560.3 -566.2 -560.3

L -477.6 -473.6 -473.3

# Obs 434 434 434
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Compare Gy = —1.66 and ufgy = —1.74
Compare Bsy — Bgm = 0.79 for Seq. and Sim.
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